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1. Introduction

Suppose that G is a reductive group, defined and quasi-split over a number field
F. Let N be a maximal unipotent subgroup in G and 6 a character of N(Fy)
trivial on N(F) and generic. Let 7 be a cuspidal automorphic representation of
G(Fy) and V the isotypic component of the space of cusp forms corresponding
to w. If ¢ is a smooth vector in V' we set

W(¢) == / $(n)8(n)dn.
N(FOAN(F.)
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Thus W is a continuous linear form transforming under §. We say that « is
globally generic with respect to 8 if the linear form W is not identically zero.
If W is non-zero, then, for each place v, the component 7, is generic with
respect to 8, that is, admits a non-zero linear form W, transforming under 6,
(Whittaker linear form). Recall that such a form is unique, within a scalar
factor. If we define Wy(g) = [ ¢(ng)f(n)dn then the space W spanned by the
functions Wy, is irreducible. The closure V; of the kernel of the map ¢ — Wy is
invariant and so we may decompose V into an orthogonal direct sum V = V; & V}.
The map ¢ — Wy is now injective on the space of smooth vectors of V. It
follows that the representation on Vj is irreducible. It is generally conjectured
that inside a tempered L-packet of automorphic representations, there is exactly
one component which is generic with respect to a given generic character 4 (cf.
[KRS] and [fS2]). The purpose of this paper is to establish the conjecture for
the quasi-split group in three variables relative to a quadratic extension E/F.
We note that in general we may have V # V4. However, here V = 1}, that is,
the representation 7 has multiplicity one ([Rol], Theorem 13.3.1, p. 201). Before
explaining the proof, we also raise another, related, question. If 7 is as above,
we can define a global Bessel distribution as follows:

Tr(f) =Y W(p(£)$)V(9);
¢

here the sum is over an orthonormal basis of V}; it amounts to the same to take
the sum over a basis of V, or even a basis of the space of the packet to which
7 belongs—if the conjecture is true. At a place v we may define a local Bessel
distribution

Bo(fo) == > Wa(m(£,)$)Ws(9).
¢

Note that the distribution is defined within a positive factor. Thus, to make
the following statement precise, one would need to choose a normalization of
this distribution. It follows from the local uniqueness that the global Bessel
distribution decomposes as an infinite product of the local Bessel distributions:

(1) T(f)=CIIBuofo), if f=0f0

The constant C' is positive as a ratio of positive type distributions. The question
at hand is to compute the constant in terms of L-functions attached to 7. In the
case of the unitary group, it is clear that with more local information we could
answer this question completely. See [BM] for another example.
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The results of the present paper were announced in a short note with Solomon
Friedberg as a coauthor ([FGJR]). It is a pleasure to acknowledge his contribution
to the genesis of this work.

We now proceed to discuss the proof of the result. We let E/F be a quadratic
extension of number fields with Galois group {1, c}. We often write o(z) = Z. We
let U; be the unitary group in one variable, that is, the group of elements of norm
1in E*. We denote by G the group GL(3) regarded as an algebraic group over
E and we denote by Z its center. We let H be the group GL(3, F') regarded as an
algebraic group over F' and we denote by Zg its center. To prove the result, we
use the concept of a cuspidal distinguished representation of G(E,). In a precise
way, we say that such a IT is distinguished by H(Fj) (or simply distinguished),
if the central character w of Il is trivial on F,* (that is, is distinguished), and
there is a form ¢ in the space of II such that

() = ¢(h)dh

/ZH(A)H(F)\H(FA)
is non-zero. On the one hand, it is a result of [F2], that, if II is distinguished,
then II° = II, where II° is the representation defined by II”(g) = II(¢°) and
I denotes the representation contragredient to II. On the other hand, it is a
result of [F2] and [FZ], that II is distinguished if and only if the (partial) Asai
L-function attached to II has a pole at s = 1. From this and the factorization
of the Rankin-Selberg L-function attached to the pair (IL,II?) in terms of Asai
L-functions, it follows that if the central character of Il is distinguished and
I1° =11, then II is distinguished (section 2). In turn, this condition of symmetry
is equivalent to II being the standard (or stable) base change of a tempered stable
packet of automorphic representations of the unitary group. Thus for GL(3) at
least, the property of II being distinguished is equivalent to II being the functorial
image of a stable packet of automorphic cuspidal representations. This fact is
predicated by the analysis of the potential pole of the Asai L-function in terms
of the L-group ([F2)).

Our main tool is then the relative trace formula. The relative trace formula
used here was first discussed in [Y] in the context of GL(2). In fact, the split
unitary group in [Y] is replaced by the group GL(2, F). However, the functions
at hand are in fact supported on the subgroup G’ of matrices with determinant a
norm, and the group G’ is {up to central tori) isomorphic to the unitary group in
two variables. In [F2], this is exploited to reformulate (and extend) the formula
of [Y] in terms of the unitary group in two variables. Reference [F3] contains
a study in the context of GL(n) of the formula used here in the context of
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GL(3). The motivation of [F3] is essentially the same as ours. Indeed, given the
above discussion for GL(3), the conjecture stated in [F2] (which motivates [F3])
amounts to saying that every stable tempered packet of representations of the
unitary group contains a generic representation. We use the discussion of [F3].
However, the analysis of the continuous spectrum presented in [F3], although
suggestive, is insufficient and erroneous. We do provide the analysis for GL(3),
which we hope is correct. It is based on the results of [JLR].

We now proceed to discuss the trace formula in question. Recall we denote by
G the group GL(3) regarded as an algebraic group over E. We let B be the group
of upper triangular matrices, A the group of diagonal matrices, N the group of
upper triangular matrices with unit diagonal, and Z the group of scalar matrices
in G. We write an element g as g = (g;,;), where i is the column index (this
is the opposite of the standard convention). We fix a non-trivial character v of
Fu/F, a character ¢ of Uy (Fa)/U,(F) and denote by w the character of E, /E*
defined by w(z) = ((2z71).

If f is a smooth function of compact support on GL(3, E4) we define a kernel

. -1
@ Ky(o) = [ e (&G%jw)f(x syz>)w(z)dz.

Our main object of study is the distribution

3) J(f) = K¢(h,n)8(n)dndh.

/H(F)ZH(FL WH(F.) /N(E)\N(En
Here 6 is the character of N(E,) defined by

(4) 6 =ve(r-y), ¥e(2)=9%(=+2).

o O -
O =R
— &2 W

The distribution can be computed in terms of the symmetric space
S = {s € GL(3,E): s3 = 1}.

Indeed, we denote by P the polarization map
P:G—S, Plg):=7'g.

The group G(FE) operates on the right by twisted conjugation on &:
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There is a smooth function of compact support ® on &(Fy) such that

3(P(g)) = /H , frn

Then

6 J= /N(E)\N(EA,)/UI(F)\UI(FA‘) ( %

@(h‘"lfnu)) 6(n)dn((u)du.
EEB(F)

In this paper, we will make the following simplifying assumption: we let S
be a finite set of places of F and S be the corresponding set of places of E.
We assume that Sy contains the places at infinity, the even finite places, the
places which ramify in E, the places where ¢ ramifies and the places where ¢
ramifies. We assume that f is a product of local functions f,. For v € S we
assume that f, is bi-invariant under the standard maximal compact subgroup
K,. Furthermore, we assume that for almost all such v’s, the function f, is the
characteristic function of K,. We make the further assumption that for all places
v € Sy which are inert in E and thus under one place v of E, the function f,
is supported on the open set 2, C GL(3, E,) of matrices of the form hnan with
he H, a€c A,,ne€ N, Hereis an element such that P(n) = w, and

(6) w=

- O
O = O
O O

We do assume that there is at least one such place. The corresponding function
®,,, defined by

8,(P(g)) = /H fo(hg)dh,

is supported on the open set (2 := P({,). This is the set of matrices s € Gy,
such that s; 3 # 0. Every matrix s in {2}, can be written uniquely in the form

s = A twudyn

with n € N(E,), u a scalar matrix in U;(F,,), and d, = diag(a,1,a~"'). The
complement of . is the union of orbits of N(E,) with a non-trivial centralizer
(cf. [F3)).

We consider the global orbital integrals, for u € U;(Fy) and a € Ej

(M J(ud,, ®) := /N(E )@(ﬁ_lwudan)ﬁ(n)dn.
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Then
JH= / J(uda, )¢ (u)du.

acEx
There is also a notion of local orbital integrals. If vy is a place of F inert in E
and v the corresponding place of E, then the orbital integral is

(8) J(udy, ®y,) = / @, (7 "wud,n)f(n)dn.
N(E,)

If vy splits into two places vy, v, of E, then &,, can be identified with the set of
pairs (g1, 92) with g1g2 = 1 and then

Doy (g5 01,971 g2) = [H For(hg1) for (hga)dh.
vo

We choose one of the two places, vy say. Then we may identify &,, with
GL(3,F,,), via the map

(g1,92) > 1.
We may also identify GL(3, E,,) and GL(3, E,,) with GL(3, F,,,). Then

By (g1) = /G o T (0

vFv()

so that ®,, is the convolution of f,, and the function f,, defined by f,,(g) =
fu,(g71). The orbital integral becomes

(9) J(zdy, ®yy) = / ®,, (n;lwzdanl)G(nz)B(nl)dnldng,
N(Fpg )X N(Fyy)

where z is a central element, d, = diag(ai,1,a5") and 8 is defined by

1
010 =Y, (¢ —y).
0

O =R
— W

Likewise, we consider the unitary group U for the Hermitian matrix w. The
group is defined by the equation *gwg = w. We denote by A’ the group of diagonal
matrices, by N' the group of upper triangular matrices with unit diagonal in U
and by Zy the center of U. Let f' be a smooth function of compact support on
U(F4). We construct a kernel

(10) Kl (2,9) = /Z S P ez,

U(FA)/ZU F) §€U(F
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and the distribution
(11) J'(f) = /Kf/ (n1,n2)0'(n1)6' (n2)dn dn,.

Here 6’ is the character of N'(Fj) trivial on N'(F) defined by

1 z t+ %
10 1 -z |=9ys).
00 1

The group A'(F) acts by conjugation on N' and thus on the set of characters
N'(Fa) trivial on N'(F). The group A'(F) is transitive on the set of generic
characters. Thus the choice of 8 is inessential. We will make the following
assumptions. Let Sp and S be as above. Then we assume that for every place
vg € Sp inert in E, the function f, is supported on the open set 2, of matrices
of the form n; lwud,ny. Foru € U (Fy) and a € ng we consider the global
orbital integral

(12) J'(udy, f') == /f'(nl'1wudan2)9(n1)9(n2)dn1dn2.
Then
1) =Y [ uda 1))

As before, we have a notion of local orbital integrals. At a place vg inert in E,

(13)  J'(uda, fy,) = / Fuo (07 ' wudany)0' (n1)6' (n)dny dns.
N (Fog)XN'(Fup)

If the place vg splits into vy, vy then U,, is the group of pairs (g1, g2) with g =
wtg;'w. Identifying as before U,, to GL(3,F,,) via the map (g1, g2) — g1, we
see that the local orbital integral is again given by (9) with &,, replaced by f, .

In this paper we will consider pairs (f, f) with matching orbital integrals, in
the sense that

(14 J(ud,, ®) = J'(ud,, f').
More precisely, we will assume that for every place vp of F split in F we have
1’;0 = Q‘Uo’

where both sides are viewed as functions on GL(3, F,,). For v € S inert in E,
we shall assume that

(15) J(udy, ®y,) = J'(uda, f,,)-
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In view of our simplifying assumption, given ®,, there is f; such that (15) is
true. Finally, we assume that for vy ¢ So and inert, the function f, is the image
of the function f,, by the base change homomorphism of the Hecke algebra. It is
a theorem of [J2] and [Mao2] that relation (15) is then true. Thus relation (14)
is true as well and we get

(16) J(fy=J'(f).

As usual, we decompose the kernel K and K' with respect to cuspidal data. For
cuspidal data x for G (resp. X' for U) we obtain a kernel K, (resp. K,,). We
define a corresponding distribution J,.(f) (resp. Jy/(f')). Let x be a cuspidal
automorphic representation of GL(3, E4) whose central character is w. Then
Jy(f) = 0 unless x is distinguished by H. Conversely, we verify in the third
section that, if x is distinguished by H, then there is f satisfying our simplifying
assumptions such that J, (f) # 0.

This being so, we consider a stable packet of automorphic representations of
U with central character (. The base change of this packet is a single cuspidal
representation x of GL(3, Es) with central character w where w(z) = ((z279).
Now yx is distinguished. It follows that we have an identity

(17) I () =Y I (),

where the sum on the right is over all ' such that the unramified representation
&,gs Xv is the image of the unramified representation &), 45, X3, under the
standard base change. For the group U, this amounts to saying that the sum
is over all the members of the tempered stable packet whose image is x. From
the formula, it follows that there is at least one such x’ such that J,+ # 0. This
implies that x' is globally generic and proves the theorem.

A natural question is to ask whether the sum on the right of (17) has only one
element. We can answer this question affirmatively in the last section, thanks to
local results. Taking this result for granted, we have then an identity

(18) Jx(f) = Jx’(f,)-

In addition to the previous notations, we will also introduce the following
subgroups and elements of GL(3):
*
*k

0

(19) P:= , P =Pz,

O * ¥
— % %
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010 100
(20) wr =1 0 0], wp=|0 01
0 01 010

The paper is arranged as follows. In section 2 we discuss a few needed com-
plements on the Asai L-function. In section 3, we prove that the local relative
Bessel distributions do not vanish on a suitable open set. In section 4, for the
sake of completeness, we establish elementary results on orbital integrals, which
are used here, and have also been used in previous references without proof. In
section 5, we provide estimates for the functionals at hand. The analysis of the
continuous spectrum of the trace formulas occupies sections 6 to 10. The main
theorems are quickly established in section 11.

2. Complements on the Asai L-function

Let E/F be a quadratic extension of number fields with Galois group {1,c}.
Regard the group GL(n, E) as an algebraic group over F’ via restriction of scalars.
The (Galois form of) the L-group of G is the semi-direct product:

LG := (GL(n,C) x GL(n,0)) x {1,0}.

The Asai L-function is the Langlands L-function attached to the n?> dimensional
twisted representation r: 'G — GL(C* ® C*) defined by

(g1, 92) (v ® w) = (g1v) ® (g2w),
rio)v@w) =wewv.

Let II be a cuspidal automorphic representation of GL(3). We fix Sy as before
so that II is unramified outside S. We denote by L% (s, II, Asai) the product of
the local factors of the Asai L-function over the places not in Sp.

LEMMA 1: Let p be any idele class character of E such that p|F = wg/r.
Then, if p is unramified outside S,

L5(s, @) = L% (s, 11, Asai) L (s, I @ p, Asai).
Proof: The lemma is formal from the point of view of the L-group (cf. [HLR]
and [Gol]). For the sake of completeness we provide a proof. We claim that the
contributions of each place vy of F not in Sy to the two sides are the same. If
vg is inert and II, is the unramified representation associated to n unramified
quasi-characters x; of E, the contribution of vy to the left hand side is

HL(s,x?)HL(S,Xin)27

i<y
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while
L(s, T, Asai) = [] L(s, xal ) [] L (s, xixs)-
% <]

Since 2 = 1, our assertion follows from the relation
L(s,x7) = L(s,x:| F)L(s, xi| Fwg/r).

See also [Gol]. If vy splits into two places vy, vs then gy, = qu, = qu,- If we write
L(s,10,,) = det [T — t(IL,l.)qv_is]—1 with ¢(I,,) € GL(n,C), then the contribution
of vy to the left hand side is

—s1-2
det [I - t(H'Ul) ® t(HW)qvo ] !

On the other hand,

L(s, My, Asai) = det [T — t(IL,, ) ® t(T,,)q;°] ",

. e |
L(s, My, ® frog, Asai) = det [I = t(ILy, © py,) ® (T, © o, )g5,°] -

Our assertion follows from the fact that gy, e, = L. 1
The following result is then true in the context of GL{n) with n odd:

ProprosiTION 1: Let II be a cuspidal automorphic representation of GL(n) with
n odd. Suppose that the central character w of Il is trivial on F,* (that is, is
distinguished). Then I~ II° if and only if 11 is distinguished by H.

Proof: We first remark that the relation II ~ II° implies ww® = 1. This is
equivalent to w|Fy =1 or w|F, = wg/p.

For now consider an arbitrary cuspidal representation II of GL(n, E) with
central character w. Let wy be the restriction of w to F'. Suppose that wgy =1
and 11 is distinguished. Then ([F2]) I ~ II°.

Conversely, assume that II is a cuspidal automorphic representation of GL(n).
It is a result of [F1] and [FZ] that the partial Asai L-function has a pole at
s = 1if and only if wy = 1 and II is distinguished. Suppose that IT ~ II° and
wg = 1. Then the partial Rankin—Selberg L-function has a pole at s = 1. From
the previous lemma it follows that either the partial Asai L-function attached to
IT has a pole at s = 1 or the partial Asai L-function attached to II® y has a pole
at s = 1. But the restriction of the central character of [I®u to F' is wg,p # 1.
Thus the Asai L-function attached to II has a pole and II is distinguished. |
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Remark 1: By the results of Shahidi on L-functions attached to Eisenstein series,
the Asai L-functions do not vanish at s = 1. We could use this to give a global
proof (rather than a local proof as in [F2]) of the only if part of the proposition.

Remark 2: Likewise, for n even, then II satisfies II = II° if and only if either II
is distinguished or II ® y is distinguished. In particular, the central character of
IT is then distinguished; this gives a positive answer to a question raised in [Rol].
On the other hand, according to the discussion in [F2], in the first case II should
be the unstable base change of a stable cuspidal packet; in the second case, it
should be the stable base change of a stable cuspidal packet.

If IT is distinguished we will need to express the linear form

J(¢) = o(h)dh

LH(FA)H(F)\H(FA)
on the space of II as a product of local linear forms. When the real places
of F split in E, the uniqueness theorem of [F2] implies the existence of such
a decomposition. We will however give an explicit decomposition without
appealing to the uniqueness result. To that end, we review the construction
of [F1]. Let ® be a Schwartz—Bruhat function on F} and ¢ a vector in II. Set

Wi(g) = / $(ng)B(n)dn.
We set

(s, W, @) = / W (eh)$[(0,0, .., 1)h] | deth |° dh.
N(F)\H(F.)

The rational diagonal matrix ¢ = diag(e;,€2,...,€n) € A(E) is so chosen that
tr(e;/€;+1) = 0, for every i. The integrand is indeed invariant under N(Fy). We
assume that W and & are product of local functions. We choose Sy sufficiently
large so that outside S the function W, is K,-invariant (equal to 1 on K,) and
outside Sy, ®,, is the characteristic function of Of . Moreover, € is in K, for
v @ S. If vy is inert in E and v is the corresponding place of E, we introduce a
local integral, which is absolutely convergent for ®s > 1, and, in fact, in a half
strip ®s > 1 — € ([F2], [FZ)):

U(s, Wy, Byy) = / Wo(eh)®uy [0, . ., 0, 1)A] | deth |* dh.
N(Fyy)\H(Fy)
If v splits into two places vi,ve then we introduce a local integral which
converges for Rs > 1 and, in fact, in a half strip Rs > 1 — € ([JS]),

\I’(sa W, W, (I)vo) =



Vol. 126, 2001 GENERIC REPRESENTATIONS FOR THE UNITARY GROUP 185

/ Wi, (€0, h) W, (€0s ) Bog[(0, -0, 1)A] | det b |* dh.
N(Fyg)\H(Fy;)

Let S; be the set of places in Sy which are inert in E. Likewise, let S, be the set.
of places in Sy which split in E. Then ([F1])

/ ¢<h)( 3 @(sm) | deth |3 dh = (s, W, @)

£€Fn—0

= L% (5,11, Asai) x [[ ®(s, W, ®00) [] ¥(s, Wy, W, Bup)-
vo€S; voESs

Taking the residue at s = 1, we get
eJ () / &(x)dz =Res,—; L5 (s, 1, Asai)

x U(1,W,,®, U(1, Wy, Wy, By ),
0 1 2 0

Vo€ S; V€S
where the constant ¢ > 0 depends only on the choice of the Haar measures. For

vy € S, let us set

Tvo (W) = W, (eh)dh.

/I;T(n—l,Fvo)\GL(n—l,Fvo)

Here we embed GL(n — 1) into GL(n) as a factor of the Levi-subgroup of type
(n —1,1). The integral is absolutely convergent ([F2], [FZ]). It is clear that the
linear form 7, is invariant under P, (F,,). We claim that it is actually invariant
under GL(3, F,,). Indeed

V(1 W,, By,) = / / Too (p(RY W) B0 [(0,0, .., £)k] | ¢ | d*tdk.
Koy P,
On the other hand, for a suitable choice of the Haar measures,
/ By, (2)dz = / / B, [(0,0,...,8)k] | £ |* d*tdk.
Koo JF,

It follows that there is a linear form 7 on the Whittaker model of «, such that
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for any W, and any function &,,. This implies that for any smooth function f
on K, which is invariant under K,, N P, ,, on the left

| ] L, ok o) 15k = 20 / £k

The same relation is then true for any smooth function f on K,,. It follows
that v = J,, and that 7, is invariant under K,,. Thus it is in fact invariant
under GL(n, F,,). Likewise, if vy splits into vy, v, then an invariant linear form
on II,, ® I1,, is given by

Tuo(Woy W) i= [ Wow (1h) ey (cs ).
N(n—=1,Fy ) \GL(n—1,F,)

In fact this is known (see [B], [Ba], and the next section). For a suitable positive

constant ¢, we get

¢ J(¢) = Res,—1 L%(s, 11, Asai)) J[ Jue(Wo) [ Too(Wor ® Wa,).
Vo ES; vo€ES,

Note that the global linear form 7 is continuous for the topology of the smooth
vectors on the space of the representation II. In a precise way, let H be the
Hilbert space of square integrable elements of II and V be the space of smooth
vectors in H. Let K’ be a compact open subgroup of G, then the representation
of Goo on HK' is a finite multiple of Il, and VX' is the space of smooth vectors
of this representation. The topology of V¥’ is the topology defined by the semi-
norms ¢ > | p(X)¢| 2. The space V is the inductive limit, of the spaces VE'. The
linear form Z is continuous on each one of the spaces VK ', or, what amounts to
the same, continuous on V. Likewise for an infinite place vy € S; which is below
a place v of E, the linear form Z,, may be viewed as a continuous linear form on
the space of smooth vectors of IL,. For an infinite place vg € S; which split into
v1, V2, the linear form Z,, may be viewed as a continuous linear form on the space
of smooth vectors of I1,, ® II,,. Indeed this follows at any rate from the above
formula. We define the relative global Bessel distribution Ji as follows: if
f is a smooth function of compact support, K-finite on both sides, then we set

Z j )UZ)W Ul)

where v; is an orthonormal basis of #{ whose elements are K-finite vectors in V.
More precisely, let V* be the topological dual vector space of V. We have thus
continuous inclusions with dense image

VCHCV.
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The restriction of the pairing (e, ) of H x H to V x V extends to a sesquilinear
form denoted in the same way on the product V x V* or the product V* x V.
With this notation we may write W(v) = (v, W) and then

(IL(n)v, W) = 6(n){v, W), (v, W) = (W,v),
and the above formula reads

ﬁW=ZWW%ﬂWw%

We still denote by 7 the representation of G(E4) on V*. If f is a smooth
function of compact support on G(E4) then II(f)(V*) C V. If f is K-finite on
both sides, we have

In(f) =W, n(f")T) = {7 (IW, T).

For arbitrary f we take this to be the definition of Jr1(f).
For vy € S;, we introduce similarly a local relative local Bessel distribution
By, For fy, Ky,-finite it is given by

Buo(£) =D Tup (Mg (£)6) Wag (9)
¢

where the sum is over an orthonormal basis. There is a similarly defined dis-
tribution at the places in S,. Assume f = fsf° where f° is the characteristic
function of K5. We find then that the global distribution Jii(f) can be written

Ja(f) = C@) ] Buy(fun),
v €S5p
where the constant C'(II) can be computed explicitly. Unfortunately, we have not
established the identity (18) for all functions f. Thus we cannot use the previous
decomposition to obtain the corresponding decomposition of the right hand side
of (18), as we would like to.

3. Local relative Bessel distributions

Now we let E/F be a local quadratic extension. We set P, = P(E)Z(E) and
H, = H(F)Z(F). The elements {w,w;,ws,e} form a set of representatives for
the orbits of B(E) on &(F). Let £, be the set of s such that s; 3 # 0, Q; (resp.
);) the set of s € G(F') such that s12 # 0 or 573 # 0 (resp. s13 # 0 or 823 # 0).
These sets are open. For 5 € G(F') we have

Dy

_ S1,2 822
det s’

S1,3 82,3

51,3
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Thus for s € Q, we have also D; # 0. It follows that s can be written in
the form s = bjwbs with b; € B(EF). In turn this implies that s = bwb " with
b € B(E). Thus {,, is the orbit of w under B(E). We note that for s € G(F’) the
relations s; 3 = 0 and s1,2 # 0 imply D; = 0 and then s5 3 = 0. It easily follows
that 07 := 3 — Q = Pi(E) N G(F) is the orbit of w; under B(E). Likewise
0 := 1y — £, is the orbit of we under B{E). Finally &(F) is the union of the
open sets (2, and the closed set O, := B(E) N &(F), which is in fact the orbit
of e under B(E). The orbit of w under P; contains w and wiww; = w2 but not
w;. It follows that €2 is the orbit of w under P;.

We consider a unitary irreducible representation 7 of GL(3) on a Hilbert space
H. We denote by V the space of smooth vectors in H. We assume that = is
distinguished by H(F) in the sense that there is a non-zero continuous linear
form J on V such that J(x(h)v) = J(v) for all v € V and all h € H(F). We
denote by w the central character of #; it is necessarily trivial on F*, that is,
distinguished. We denote in the same way the extension of w to H; which is
trivial on H(F'). Here, it is more convenient to let ¢ be a non-trivial character
of E trivial on F and define a character 6 of N(E) by 8(n) = ¢¥(n21 +na3). We
assume that 7 is generic and let YW be a continuous non-zero linear form on V
such that W(z(n)v) = 8(n)W(v), for all n € N(E) and all vectors v. We define
the corresponding relative Bessel distribution B as follows: if f is a smooth
function of compact support, K-finite on both sides, then

ZJ HoW(vy),

where v; is an orthonormal basis of H whose elements are K-finite vectors in V.
As before, we let V* be the topological dual vector space of V. We have thus
continuous inclusions with dense image:

VCHCV".

The restriction of the pairing (e, ) of H x H to V x V extends to a sesquilinear
form denoted in the same way on the product V x V* or the product V* x V. We
still denote by m the representation of G(E) on V*. If f is a smooth function of
compact support on G(E) then n(f)(V*) ¢ V. If f is K-finite on both sides, we
have

B(f) = W,n(f")J) = (=( )W, T)-

For arbitrary f we take this for definition of B(f). Here and below we use an
integral notation for the value of B on a function f. The distribution B has the
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following properties of invariance: for h € Hy and n € N(E),

/ F(han)dB(z) = (n) " w(h)"! / £(@)dB().

In this section, we prove the following result:

THEOREM 1: The restriction of B to the open set Q1 := P~1(Q,,) is non-zero.

3.1 ProorF: FIRST STEP. We prove the theorem when E/F is the extension
C/R. The proof in the non-Archimedean case is similar but simpler. We assume
that the restriction of B to {2 is zero and prove that B is then zero. This will
give a contradiction and prove the theorem. Since B is invariant on the left
under H(F) it determines a distribution Z on &(F): if ® is a smooth function
of compact support on G(F) then Z(®) = B(f) where f is any smooth function
of compact support on G(E) such that

3(P(g)) = /H  fka)in

Thus Z vanishes on the set (1,,. We first show that it vanishes on ©; and Q5.

To that end, we recall, in the form appropriate to us, some results of [KV]. Let
H be a Lie group operating on the right on a manifold X and let H' be a closed
normal subgroup of H. We denote by ¢ the action of H on X. We also denote
by o the corresponding left action of G on functions on X:

o(h)®(z) = ®(xa(h)).

In our case H' = Z(C)N(C) and H = B(C). In particular, for our purposes, we
may assume that H' and all of its closed subgroups are unimodular. Let 8 be a
one dimensional character of H'. Suppose that O is a closed orbit of H in X. Let
T be a distribution on z, transforming according to # under H' and supported
on O. Thus

T(o(h')®) = 8(h")'T(®).

Let M((0) or simply M be the r-th graded component of the transverse
jet bundle of O. Thus MY is the normal tangent bundle and M(") is its r-th
symmetric power. Then ([KV]) the support of T is contained in the set of y € O
such that for some r the fiber M,f,r) contains a non-zero vector transforming under
the character 6 restricted to Hy, the stabilizer of y in H'.

Going back to the proof of our theorem, we assume that the distribution =
vanishes on the open set 2,,. We apply the just recalled results to the group
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H = B(C) and the subgroup H' = Z(C)N(C). If y is any point of &(F) the
stabilizer of y in H' is the product of Z(R) and the stabilizer N, of y in N(C).
As a matter of fact Z(R) operates trivially on &(F). We first show that the
restriction of = to ©; vanishes. Since }; = Oy U Q,, and O, is closed in Q; this
will follow from the results we recalled above and the following lemma:

LEMMA 2: Ify € Oy then the restriction of § to N, is non-trivial and the action

of N, on M{" is unipotent.

Proof: Since B(C) is transitive on O; it will suffice to prove the two assertions
for the point y = wy. Then N, is the group of matrices of the form

1 0
n=[0 1 , zeC
00

— 8 8

The first assertion follows at once. For the second assertion, we remark that the
action of Ny on My1 is algebraic, hence unipotent. Thus the same is true of the

action on M;T). (In fact, one can check that the action on M) is trivial.) |

The lemma being established it follows that the restriction of Z to €4 is trivial.
Likewise the restriction to (1s is trivial. Equivalently, the restriction of B to
Q = P~1Qy) is trivial.

3.2 PROOF: SECOND STEP. We first recall some results on generic repre-
sentations of GL(3). We denote by W(r) the space spanned by the functions
g = W(m(g)v), with v € V. Tt is convenient to identify V with W(r).

LeEMMA 3: Forevery W € W(n) the restriction of W to P(FE) is square integrable
modulo N(E). Moreover, the invariant (positive definite) scalar product on W(r)
may be taken to be

(Wh, Wa) = / WoT 2 (0)dvp.
N(E)\P(E)

In particular, the map W — W|P is injective.

Proof: In the non-Archimedean case this is a result of Bernstein valid for GL(n)
([B)). In the Archimedean case, the result follows from the global theory if the
representation is a component of a cusp form: the proof is similar to the proof
given in the previous section for the invariance of Z. At any rate, the result also
follows from [JS] and a recent work of Baruch ([Ba]). |
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LEMMA 4: Let U or U(rw) be the space of W € W(r) such that the function
W|P(E) has compact support modulo N(E). Then the space U is non-zero.

Proof: In the non-Archimedean case, this is a result of Gelfand and Kazhdan
(IGK]). The proof in the Archimedean case is similar once we observe the fol-
lowing: let V be a commutative unipotent subgroup of GL(3, E), so that V is
isomorphic to a real vector space as a real Lie group; then for every Schwartz
function ¢ on V and every smooth vector u in the space of 7 the vector

m(u:= | ¢(v)r(viudy
v

is still a smooth vector. [ |

(W, ()W) = / W (9)f(9)dg

Let Wy be an element of I/ and and let ¢o be a smooth function of compact
support on P(E) such that

By definition

/ do(np)B(n)dn = Wo(p).

Let also ¢; be a smooth function of compact support on H; such that
le #1(h)w(h)dh # 0. Since the map (p,h1) = pn~'hy' is submersive with
image Q;l, there is a smooth function of compact support f, supported on Qg,
such that for any continuous function ¥ on G(E),

/ U(g)f(g~")dg = / (o) o () (hn)dy pis.

In particular, for any W € W(n),

(T(HW, W) = / W(9)f(g~")dg

/ / W on k™) o (p)d,ps (h)dh = / (Wo, T~ B2 W)y (hn )by
H,
</ B)b(h)dRIL() Wo, W).
Equivalently
AW = / h)dhI(n) Wo,
and thus
B(f) = / w(h)és (R)dR(Wo, T).
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Now B(f) = 0. By our choice of ¢; we find

This relation takes place for all Wy € U. Since i is invariant under P(E) we
have also

(n(9)Wo, J) =0

for all g € Qp. Since QF is dense and the representation II on V is topologically
irreducible, we conclude that 7 = 0, a contradiction. ]

3.3 A RESULT ON LOCAL DISTINGUISHED REPRESENTATIONS. The following
proposition was part of the thesis of Youngbin Ok, written under the direction of
H. Jacquet. It is not really needed in this paper, since, as noted, the result can
be established by global means for the components of a distinguished cuspidal
representation. Nonetheless, it is interesting that it can be established by purely
local means in the context of GL(n, E), where E/F is a quadratic extension of
local non-Archimedean fields. It is analogous to the main result of [B].

PROPOSITION 2: Let m be a generic unitary irreducible representation of
GL(n, E), distinguished by GL(n, F). We identify the space V of smooth vectors
to the Whittaker model of m and denote by J a non-zero continuous linear form
on V invariant under GL(n, F'). We assume that the generic character 8 is trivial
on N(F). Let P be the subgroup of matrices with last row (0,0,...,0,1) and
N the group of upper triangular matrices with unit diagonal. Then there is a
constant ¢ # 0 such that
T (W) = cA(W),

where

A(W) = / W (p)dp,
N(FW\P(F)

and dp is a right invariant measure on N(F)\P(F).

Proof: Indeed, according to [B], page 82, the central exponents of the derivatives
7l¥ of m, 1 < k < n, are strictly positive. This implies ([F1]) that A is defined
by a convergent integral. Clearly, the linear form X is invariant under P, (F) =
P(F)Z(F). It will suffice to show that it is invariant under G(F). It amounts to
the same to show that the distribution = defined by

2(f) = Z T (x(f)vi)Mv;)
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is invariant on the right under G(F'). A priori, it is invariant on the left under
G(F) and on the right under P;(F). As before, it defines a distribution Zg on
&(F), invariant under P;(F). The following lemma implies that E¢ and thus =
is invariant under G(F).

LEMMA 5: Any distribution on &(F) which is invariant under P (F) is also
invariant under G(F).

We sketch a proof of this lemma. By the results of [B], the analogous assertion
is true for the tangent space of &(F), that is, the space &g of matrices X €
M(n x n,E) such that X + X = 0. Let U C &, be the open set of X such
that det(1+ X).det{1 — X) # 0. Suppose that g is a distribution on U invariant
under P;(F). Then for any smooth function of compact support f on F* the
product of g and the function f(det(1 + X).det(1 — X)) is the restriction to U
of a distribution gy on &y. The distribution 1y is supported on U and invariant
under P;(F). Thus py is invariant under G(F). It follows that p is invariant
under G(F). This being so, for each A € E* with A\ = 1, let Q) be the open
set of s € G(F) such that det(s + Al,) # 0. The set Q) is invariant under G(F)
and the map
s—A
s+ A
is an analytic bijection of Qy onto U, which commutes to the action of G(F).
Now if p is a distribution on &(F) invariant under P, (F'), then for each X the
distribution ¢} (¢|2y) is invariant under G(F). The same is true of u|{2s. Since
the open sets Q) cover &(F') our assertion follows. ]

ta(8) =

4. Complements on orbital integrals

We first prove in the context of GL(n) an elementary result which was used
without proof in [J2] and [Mao2] in the case of GL(3). Assume that E/F is an
unramified quadratic extension of non-Archimedean local fields. Suppose that
the residual characteristic is not 2. Denote by @ a fixed prime element in the
ring of integers Op. Denote by E/F the residual quadratic extension. Finally,
let G = GL,(F) and, as before, let G be the symmetric space of elements ¢ € G
satisfying 2% = 1. Let K = GL,(Og), let A be the diagonal subgroup, and
w = (0;,n+1~i) OF Wy be the standard representative of the longest element in
the Weyl group W.

PRrOPOSITION 3: Every K orbit in & contains a unique element of the form aw
with a = diag(w™,...,w™"), m; > ma > -+ > m,.
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Proof: Qur assertion being trivial for n = 1, we may assume n > 1 and our
assertion true for n’ < n. By the Cartan decomposition, we may write z = k;aks
where k; € K and a is a diagonal matrix with entries @w™!,...,w™". The
element a is uniquely determined up to conjugation by an element of the Weyl
group. Furthermore, a = @ and we may assume that

(21) my>mg 2> m
Now kiaky = ka a~ ‘% . The uniqueness of the Cartan decomposition implies
that a=! = u~'au for some u in the Weyl group W. OQur hypothesis (21) implies
that we may take u = w. Thus we can write x = k;awk,, with k; € K, aw € &.
Our task is then to show that we can choose ki, ks so that ks = El_ 1.

Suppose first that a = 1, that is, z € K. Our assertion amounts to saying that
z=kk ' with k € K. Let 2’ be the class of 2 modulo wOp. Then ' = @97 ",
g1 € GL(n,E). If k; is congruent to g; we thus have z = k; slgl_l where s; = 1,,
(mod wOg). Thus ks = s;+1isin K and kﬁ;l = s1. This proves our assertion
in this case.

We pass to the general case where a # 1, that is, m; > 0. We let » > 1 be the
integer such that

mp =Mg = - =My > Mp_1.

Since we are only interested in K-orbits, we may assume that k2 = 1. Then
a ko = wEflw is in K. Let @ be the standard parabolic subgroup of type
(r,n — 2r,7) if n > 2r and type (r,r) if n = 2r. Denote by M its standard
Levi-factor, U its unipotent radical and V the unipotent radical of the opposite
parabolic subgroup. The above relation implies that k; is congruent to an element
of MV. Thus we can write k& = vymu; with v, € VNK, m € M N K and
u; € UN K. We then have x = vymawve with vo € V. The uniqueness of this
decomposition implies that vy = ©;'. We are thus reduced to the case where
x = maw. If n > 2r then

m 0 0 ag 0 0 0 0w
r = 0 ma 0 0 Qo 0 0 Wn—2r 0
0 ms 0 0 af w, 0 0

with mq,ms € GL{(r,Og), ms € GL(n — 2r,OF). Set
mi 0 0
k=10 1 0
0 01
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Then z is equal to

ap 0 O 0 0 Wy
kIl 0O e O 0 wp_or 0 |k
0 0 at w0 0

The conclusion follows from the induction hypothesis applied to the element
MaaaWy—2p

of the symmetric sapce for GL(n — 2r). The case n = 2r is similar. |

To prove the convergence of the local and global orbital integrals, as well as
the convergence of the geometric part of our relative trace formulas we use the
following lemma, that we prove in the context of GL(n):

LeEMMA 6: Let E be a local field and €} be a compact set of GL(n, E). Let A be
the group of diagonal matrices, N the group of upper triangular matrices with
unit diagonal. The relations n; € N(E), a € A(E),

tniang € Q

imply that deta is in a compact set of E*, the entries of a in a compact set
of E, and ni,ns in compact sets of N(E). If E is non-Archimedean, let K =
GL(n,Og). Then the relations a € A(E), n; € N(E),

tnians € K, a€ ANK
imply that ny and no are in K.

Proof: We prove the second assertion. The proof of the first assertion is similar.
We recall that the leading principal minors of a matrix are invariant of the action
of N(E) x N(E) on GL(n, F). Thus under the assumptions of the Lemma the
leading principal minors of the matrix are units. Our lemma amounts to say that
if z is a matrix with integral entries and all its leading principal minors are units
(including the determinant) then z =! njans withn; € NNK anda € ANK.
Inductively, it suffices to prove that such an z can be written in the form

= I,y O g 0 Inor v
N U 1 01 0 1

with ¢ € GL(n — 1,0k) and u,v integers. Indeed, the right hand side can be

written in the form
g gv
ug ok )
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Thus, at any rate, r can be written in this form and det g is a unit. In addition
g is integral thus g is indeed in GL(n — 1,0g). Finally gv and ug are integers.
Thus the same is true of u and v and our assertion follows. | |

The lemma, can be applied to expressions of the form njwans and easily implies
the desired convergence of the orbital integrals, local and global. The global
integrals are product of local integrals, all absolutely convergent and almost all
equal to one. In addition, for a given function, only finitely many of the global
integrals are non-zero.

5. Estimates for functionals

To prove that the relative trace formula is absolutely convergent, it will be conve-
nient to use estimates for the global Whittaker linear forms and period integrals
discussed in the introduction. The estimates in question are easily obtained in
the case of GL(2) and GL(3). In the context of GL(n) it would not be possible
to obtain these estimates and one would have to use more sophisticated methods.

5.1 INTEGRAL REPRESENTATION OF A SECTION. In this subsection and the
two next ones, we discuss the case of the Whittaker linear form and the period
integral for GL(2). Thus we let G be the group GL(2). To that end we consider
a pair of idele class characters ¢ = (01,02) of E. As usual, the characters are
assumed to be trivial on the subgroup R} of E;. We let I(0) be the space of
smooth functions ¢: G(E4) — C such that

¢ [(%1 N ) y] = o1(a1)o2(az)$(g)-

as

We let K be the standard maximal compact subgroup of G(Ea) and set

|¢12:/K;¢(k>|2dk.

For a given A = (A1, A2) € C? we set

oM e H{g) =| a |1/2+>«1| as }—1/2+A2

_{a T
g—(o a2)k, ke K.

We have a fiber bundle of representations I) ,. As usual, we identify the space
of the representation I , to I(¢). Then for ¢ € I{c), functions of the form

d(g; A) = p(g)eMHoH @)



Vol. 126, 2001 GENERIC REPRESENTATIONS FOR THE UNITARY GROUP 197

are the standard sections of the fiber bundle. We let f be a smooth func-
tion of compact support on GL(2,E,) and consider the convolution section

I o (f)9(g; A) defined by

(22) (I (1)) (g)e ¥ P H@) = / Bgz)e P HO) f(2)da.

We first give an integral representation for (22). This is a variation on old ideas
which is also described in [CJ]. For the convenience of the reader we go again
through the construction. We assume that f = fsf5 where f5 is the character-
istic function of K°. Then if we set

¢1(g) = ¢(gk)dk

KS

we see that || ¢1 [|<|| ¢ || and I +(f)¢ = I+ (fs)d1. The value of our section on
g € Gg is thus given by

¢1(ga)eMPH6) fo(2)da.
Gs

We set (with f(g) = f(¢™"))
10 = [ o gk
Ks
Thus f; is a smooth function of compact support and (22) is equal to

ay O
Joower (5 0)

x | a1 7Y% gy(a1) 7t | az |22 o9(ay) T d¥ ard¥ azdn

1 =z
n-(o 1), dn = dr.

Now for each A, there is a function ®g[e;\] on E% such that, for g € Gg,

0 —1/2— -
/ h ["((3 1)"] | ar |77 g1 (@) " d* ardn
EsXE;

= ®5((0,1)g; Ao (det g) | det g |/>3 .

where

Since the function f; has compact support, the support of the function ®g[e; )]
is contained in a compact set of EZ — 0 which is independent of A\. Then, for
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g €Gs,

(23) Lo (f)o(g; N) =
o1(det g) | det g |'/>+™ / ®5[(0,8)g; Moray (1) [ ¢ ['TH172 a4,
E}

To have a formula valid for all g we introduce the characteristic function @, :=
char(02) for v ¢ S and set

‘D[(:E: y);)‘] = (I)S[(CES', yS);’\] H év[(xv, yv)]
vgS

Then, for g € G(Fy),

(24) o (felg; M) =

o1 (det g) | det g [/ / i
®{(0,¢ ,)\ )|t +A1—A2 Hd*t.
L50u = 1 Loy Jge PLODg A (0 [ 1] ®)

We need to control ®[e; A] in terms of f. We take f in a fixed bounded set B.
This means that f = fsfS as before, with S fixed; the function fs has support
in a fixed set =, open and relatively compact. We assume that KgZ = ZKg = Z;
the function fg is invariant on the right and the left under a compact open
normal subgroup K' of [],c¢ guice Ko- Thus f is invariant under the subgroup
K” = K'K% of K®. For each element X of the enveloping algebra of G, there

is a constant Cx such that

sup | p(X)f < Cx.

We need not consider those o for which I ,(f) = 0. Thus we may assume that
the characters o; are unramified outside S and that, for v € S and finite, the
restrictions of the characters g;, to O, are in a finite set. The Schwartz-Bruhat
function ®g[e; A] is compactly supported: its support is contained in a fixed (i.e.
independent of (A, o)) open set of E% — 0, relatively compact in E% — 0. The
function is invariant on the right under a the action of a fixed compact open
subgroup K}, of Gs. Thus its support is contained in a fixed compact set of
E% and it is invariant under translation by a compact open subgroup of Eg,_,..
Take X in a strip a < RA < b. Then ®gle; A] is bounded uniformly in A and
o. Consider a differential operator ¢ on E2 with constant coefficients. On the
complement of (0,0) we can write £ = >, ¢;X; o where the X; are elements of
the enveloping algebra, X; , are the corresponding vectors fields on F2 and the
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functions ¢; are smooth functions on E2, — (0,0). A polynomial on the set of
characters of E (or EX) is a function of the form

x = (X X)

where X belongs to the enveloping algebra of EZ. It follows that there is a
polynomial P (A, 01) such that

| €@s((z,): Al I<I| @ || [Pe (A, 00)]-

In particular, for a given 0y, and A in a strip, the functions ®g[(z,y); A, 01]
remain in a bounded set of C°(EZ) and a fortiori of the Schwartz-Bruhat space
S(E%). Their partial Fourier transform & with respect to the second variable
(see below) are thus also in a bounded set. Moreover, we have in fact more
information: for v finite in .S, the projection of the support of the function &g on
E2 is contained in a fixed compact set and the function is invariant under a fixed
compact open subgroup of E2. Finally, for every ¢ and every integer N there is
a majorization of the form

| €d[(2,y); N 1< (14| (Toos Yoo)] 2) ™ [Pen(on, M.

5.2 WHITTAKER LINEAR FORM. We define a linear form W, , on the space
I{o) by

Wao (@) == /¢ [w ((1) f)] e(A+p,H(*)),¢)(_$)dm

where w is given by (6). It will be convenient for the rest of this section to assume
that Ay = —X» and to write A for the pair (A, —)\). The integral converges for
RA >> 0. It is known that it extends by analytic continuation to the whole
complex plane (this follows in fact from the forthcoming considerations). What
we need are estimates for W , (I »(f)¢). Consider again a bounded set B. In
what follows, we consider only those ¢ such that Iy ,(f) # 0 for f € B.

If we use (23) and change variables, we obtain, for ®A >> 0,

1
CLS(2A +1,0005Y)

(25) Wao (Lo (£)9) / (1t | £ o103 (B

where ® denotes the Fourier transform with respect to the second variable:

®(u,v) = /@(u,w)w(—m;)dz.
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This expression converges for all \. Assuming that f = fsf° as before, we can
also write this formula in the form

(26) Wae(Ino(f)o) =

1 N
ds[(t,t71): A ¢ |2 L(t)d*t.
L5(2,\+1,ala§1)/p; sl RA T 01,50, 50

Another way to look at the formula is as follows: Let us assume that ¢ = ®¢,

where ¢, is in the local induced representation I{¢,) and ¢, is equal to 1 on K,
for v € S. Then for f = fsf°, fs = ®sfs, we get

1
(2A+1,0005

Wao(lro(£)9) = 13 y I Wro, (o, (£0)80)
vES

where the local linear forms W, ,,, v € S, have similar integral representations:

@) Waos(no (fo)b) = / Bo[(t,t7);N] | £ [P 01005 L (05,

here the function ®, is determined by ¢,, f, and o1,,. It will be convenient to
introduce in the local case or global case the representation rg of GL(2) on the
space of Schwartz—Bruhat functions in two variables defined by

ra(9)® = g®, ¢®(z,y) = ¥[(z,y)g)-

Then

Wi.a, (I)\,a(g)I)\,a’v (fv)(bu) =
/rg(g)ti),,[(t,t_l); At al,vo{,%(t)dxtal (det g) | det g |1/2+™ .

This being so, it is easy to obtain majorizations for the integral

/x Bs[(t,t71); A | ¢ |* 01,505 5(t)d™t
S
in a vertical strip. We have then estimates for the derivatives as well. Alterna-
tively, for a given S, we may introduce a normalized functional W} on the space
of K5-invariant vectors. It is defined by

1

Wi(9).
LS2A +1,0105%) A(9)

Wi(9) =

The preceeding discussion gives majorizations for W (Ix(fs)¢):
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PROPOSITION 4: Given a bounded set B there is a polynomial P(), o) such that,
for all f € B and all A\ with R\ =0,

[WA.o (Ino (F)B)| < [P(X,0)]] 0] -
Moreover, given f and ¢, the derivatives of A — W,{,,(Ix,a(f)d)) are of slow
increase on the line )\ = 0.
Later, we will use estimates for L-functions that we state as a lemma.

LEMMA 7: Let S be a finite set of places containing all the places at infinity.
For v finite in S let =, be a finite set of characters of O. Let = be the set of
idele class characters x of E which are trivial on R}, are unramified outside S
and such that, for v finite in S, the restriction of x, to O belongs to =,. Then
there is a polynomial P(t,x) such that for y € = and t real

1
—— l<p¢
’LS(lHt,X)‘—' (tx,

and all x non-trivial
|L%(1 +it, x)| < |P(tX)I-
Moreover, all derivatives of the functions

1
trs ———— and t~ LS(1+it
S+t ™ (1+it,%)

are of slow increase.

For a fixed x, the proof is standard (see, for instance, [L]). The proof can be
extended to the general case. |

Combining the two previous lemmas, we obtain majorizations for the linear
forms Wy .

5.3 INTERTWINING PERIOD INTEGRAL. We now assume that E = F[v/3]. We
assume that the two characters o; and o2 are related by o2(a) = o1(a)~!. Then
0105 (a) = 01}F o Norm. We let T be the torus of GL(2, F) whose elements

have the form
b= (@ bé
“\b a /-’

We let n € GL(2, E) be an element such that

=1 2))
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and consider the intertwining period integral (cf. [JLR])

J(& b A, 0) = d(nh)eNFeH@R) gp.

/T(FA)\GL(ZFA)

The integral converges for A >> 0. As before if we use the integral represen-
tation (24) we obtain a formula for J(&, I, (f)¢; A, 0):

(28) J(& Do (F)e3 Ay 0) =

1
i) . d 142X .
PN T T o) ™ g, 210 Dk Nos(det ) | det [ dh

Equivalently, we define a Schwartz-Bruhat function ¥[e; \] on F? (which depends
on A) in the following way:

U[(ay,a); A] := / / o [(o, 1)n (“1 v ) k;A] dzoy (det k)dk.
KNGL(2,F.) JF, 0 a»
Then

(29) (67 I)\ a(f)(va 0) :

L5(2A + 1,01|F o Norm)
X / , \If[(al,@);)\]al(al) i al ‘ 0‘1((12) i as ‘2)‘+1 dxa dx
(F))

If we denote by “the Fourier transform with respect to the first variable and use
the Tate functional equation we get

1
(30) J(€7 I)\,<7(f)¢7A U) LS(2A+ 1 01|F0Norm)
/\Il[ a1,a2); NoyHar) | ax |52 a1(ag) | as |2 d*ard¥as.

In fact, with the previous notations and assumptions, we have

¥ =¥g, [[ char(0%)
vg€ Sy

where ¥g, is a suitable Schwartz-Bruhat function. Moreover
L5(2X +1,01|F o Norm) = L%(2X + 1,01|F) L% 2\ + 1,wg/r0o1|F).

Thus we can get a more explicit formula:

L5(1-2)\ 07! |F)
LSO(]. + 2)\ UJE/F0’1|F)

// Us,l(a1,a2); Mop g, (a1) | ar |72 01,50 (a2) | a2 |7 d¥ard”a,
Fg

0

(31)
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In particular, the above expression is a meromorphic function of A; on the line
RA = 0, the only singularity is a simple pole at A = 0, if the restriction of a;
to F' is trivial. This expression can be used to construct a linear form (depend-
ing meromorphically on \) on the space I{g) (smooth vectors). Indeed, let us
denote (31) by B(f,#;A). Thus XA — B(f, ¢; ) is a meromorphic function of A
with values in the space of bilinear forms on C¥(G(E4)) x I(o). It satisfies the
identity
Blfi, e (f2)8;2) = B(f1 * f2,4;0),

because for £X >> 0 the bilinear form is given by a convergent integral and the
equality is then obvious. The construction shows that for a given X the bilinear
form is separately continuous. In fact if f = fsf° and ¢ is K invariant so that
¢ = ps¢, we may write

_ L%(1-2X07'|F)
N LSO(l + 2)\,WE/F0'1|F)

B(f, o, N) x Bs(fs,ds;A)

where A — Bs5(fs,¢s;A) is a meromorphic function with values in the space of
bilinear forms on CZ(G(Es)) x I(os) given by
Bs(fs,ds;A) =
// U, [(a1,a2); Aoy g, (a1) | a1 [ 01,5, (a2) | az |21 d*a1d” as.
Fs,

We use this to prove a lemma:

LeMmmMma 8: Suppose there are n elements ¢;, 1 < i < n of I{os) and n smooth
functions of compact support f; on Gg such that

Y Duos(f)gi =0;
1<i<n

then
> Bs(fi, ¢33 =0.

1<i<n

Proof: Let f, be an approximation of unity on the group Gs. We have

Zﬁs(fa,@;)\) = Bs (fa:ZIA,a(fi)d)i;)\) =0.

If we let « tend to infinity, we get f, * fi — fi; the separate continuity of Bs
implies the lemma.
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We may then define a linear form Js(¢,e; A, 0) on I(os) in the following way:
given ¢, we use the Dixmier Malliavin lemma, to write

b= Dros(f:)di

and then set
Is(6, 43 0,0) =Y B(fi, dis ).

By the lemma, the right hand side depends only on ¢ so that the linear form
is well defined. In other words, the linear form is uniquely determined by the
condition that

Js(€, I os(fs)0; N, 0) = B(fs, d; A).

For a given A it is bounded on any bounded set of I(og). The functions in a
bounded set of I{os) are invariant under a fixed open subgroup of K, for each
finite v € §; for each element X of the enveloping algebra of K, there is a
constant Cx such that

| p(X)8(k) |< Cx.

We take for granted that we can write the functions in a bounded set in the form

o= La(fi)ei,

1<i<n

with n fixed, each f; in a bounded set and each ¢; in a bounded set. Since
Js(&d;0,0) =Y Bs(fi, $i)

our assertion follows. As a matter of fact, one can prove that the above decom-
position is possible with highly differentiable functions rather than C'*° functions
(cf. [A1], Corollary 4.2); this is good enough for the above considerations and the
assertion follows.

It will be convenient to introduce a normalized intertwining period integral J*.
For ¢ invariant under K°, and f as before, we have

L% (1 -2\, 07 |F)
J(gaIA,a(f)¢’Aaa) - LS°(1+2A,(UE/F(71|F)

X Jl(f, IA,a(fS)¢; )\70)'

It is then easy to obtain majorizations:

PROPOSITION 5: The normalized period J! has no singularity on the line R\ = 0.
Let B be a bounded set of smooth functions of compact support. Then, there is
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a polynomial P(A,0,) such that for any f in B, any ¢ € I(0), and any oy whose
restriction to F' is non-trivial,

|76 Do (N A )| < T PN on)l (@1l

Likewise, any derivative of A = J* (£, I, ,(f)$; X, 0) on the line R\ = 0 is of slow
increase.

Similar estimates are available for J in the case where o, has a trivial restriction
to F.

5.4 INTERTWINING OPERATOR. We can use the same ideas to obtain majoriza-
tions for the matrix coefficients of the intertwining operator, that is, the functions
of the form

<M(’LU, )‘)I)\,U (f)¢a ¢l>
with ¢ € I(0) and ¢’ € I(wo). Indeed
M N (F)5i0) = [ Do (bt V.

Using (24) and a change of variables, we get this is the inverse of the appropriate
L-factor times

/@[(t,w)g;)\] | dett [** g109(t) " d*tor (det g) | det g [MH1/2 .

We introduce the symplectic Fourier transform
&(z,y) = //@(u,v)w(m} — yu)dudv.
Using the Tate functional equation we get this is
/@[(0, t)g; Al | dett "X g90 (t) " d¥toa(det g) | det g |72/

Finally, with the previous notation and assumptions, we get, for g € Gg,

_L5(1—-2),0907")
CLS(1 42X\ 0107Y)

x /(i)g[(O,t)g; A | dett |'** 0y 507 4 (t)d" to2.5(det g) | det g |TAF1/2

M(w, NIy (f)(g; N)

It is then easy to derive the required majorizations.
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5.5 WHITTAKER FUNCTIONAL FOR GL(3). In the remainder of this section,
we let G be the group GL(3). Let ¢ = (01,03,03) be a triple of idele class
characters of E. They are normalized by the condition that they be trivial on
RY. We consider the space I(c) of smooth functions ¢ such that

a, T 2
¢l 0 ax y |g| =o01(a1)02(az)o3(as)é(g).
0 0 as

As usual, we have a holomorphic fiber bundle of induced representations I ;.
Here we let A be a triple of complex numbers (A1, A2, A3) (with >~ A; = 0). Then

we set
Ao H(g)) :| a |1+>\1| as |A2| as |—1+/\3

if g = nak and a = diag(a1, az,a3). If ¢ is in I, then the function ¢(e, A) defined
by
B9 ) = g(g)eP @)

is a standard section. To a standard section we can associate an Eisenstein series

E(g,¢;\,0) = Z d(vg; N)eAtoHOD)

and then set

Wio(9) = / E(n,¢; X, 0)8(n)dn.

We define in this way a linear form W, , on the space of K-finite vectors of I,.
Equivalently, W) , is obtained by analytically continuing the integral

/ d(wn; A\)8(n)dn,

where w is given by (6). In fact it is known that the linear form is defined on the

space of smooth vectors. If ¢ =[], ¢, where, for v € S, ¢, is equal to 1 on K,
then we can write

1

W/\,O' (¢) -

Hi<j LS(1+ X - )\j,U,‘O'j_l)

H W/\,ou ((pv)a
vES
where W), ¢, is a local Whittaker linear form: the analytic properties of the local
linear form are known (see the references to Casselman, Shahidi and
Wallach), in particular, the fact that it is a continuous linear form on the space of
smooth vectors. Again, we can introduce a normalized linear form on the space
of K®invariant vectors by

1 1
- Hi<j Ls(l + )‘z - )\j,O’iO'JTJ) W,\’o

Wi () (9).
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We need estimates uniform in A and o for W}\’U(I Ao (o).

PROPOSITION 6: Let B be a bounded set of the space of smooth functions of
compact support. There is a polynomial P(\, o) such that for f; € B, i = 1,2,
for any o, and any ¢ € o, any A with R\ =0,

Wio (e (f1 * £2)9)] < 1PN, 0)l| 4] -

We can also show that the derivatives of such a function are of slow increase on
the space ®RX = 0. We will sketch a proof of these estimates below. Combining
with standard estimates on Abelian L-functions we will obtain similar estimates
for Wi ¢

Now we discuss how to obtain estimates for the local linear forms. Thus for the
remaining part of this section we let F be a local field. We have then the local
representation I(o). The proof is again based on an integral representation for a
convolution section and the value of the linear form on a convolution section. We
will simply write down the integrals in question and will leave out the details of
the rest of the proof. We let f;, fo be two smooth functions of compact support.
We find an absolutely convergent expression for W (I »(fa * f1)¢). We first
find an absolutely convergent expression for the section I ,(f2 * fi1)é(g; A). In a
precise way, we set

o(g; N) = p(g)ePFHN
$1(g: ) = / gz VA1 (@)de, (g ) = / 61(g2; N fa(z) da.

It will be convenient to introduce a function ¢y (e, e; X) on GL(3) x GL(2) such
that

#1(g,e;A) = d1(g; M),

X o
¢1((‘101 92)g’x;)\> = $1(g,2g2; A) | a1 [T a1(ar) | det go |71/

From the computations on GL(2), it can be seen that there is a Schwartz—Bruhat
function ®;(e,e;\) on E? x K, where K is the standard maximal compact sub-
group of GL(3, E) such that

¢1{k7$1/\] =
oy(det ) | det  |1/>H72 / $1[(0, g1)z; Mooy (g1) | g1 |'TH2 77 d¥ g1
EX

We have then
62090 = [ o1 N fale )i
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At this point we use the Iwasawa decomposition for the parabolic subgroup of
type (1,2) to get that ¢2(g; A) is equal to

(1 (1 X\ (o' 0
/¢1(k3,!]2;>\)f2 (k31 <O 12) < 6 92—1>g)
xal(al) | ay |1+)‘1 dxal | detgz |—1/2 dgg.

Next, we define a function ®,(e, ;) on E? x GL(3,E) by

®y((x,9),9;A] = /q’l[(w,y)yks;A]f?(kg_lg)dka-

The projection of the support of this function on the second variable is contained
in a fixed compact set. Now there is a function ®3(e,e;)) on E? x M(2 x 3, F)
such that

@3 ((z,1), (0, 12)g A o1 (det g1) | det g |+ =

1 X 1o
/% [(x’y)’<0 12) (ah 12>9J01(a1)|a1 [ da.

In terms of &3 we can write
(32) $2(9; ) = o1(det g) | det g |+
x / @3 [(0,91)95 ", (0, 92)9; A]
02051 (g1) | g1 112722 d¥groroy ! (det go) | det gy [1T21 722 d™ga.
We can now write that

Walla(fa * f1)9) = f $a(wn)B(n)dn

1 0 0 1 0 =z
= /¢2 [wz (0 1 33) w1w2 (0 1 Z/)] Y(~z)¢(~y)dzdy.
0 0 1 0 0 1

Taking these integrals inside the integral representation leads to an inner integral

of the form
/‘1’ [(91,9136), (92792 (;)) ;A] Y(—2z — y)dedydz.

We introduce a partial Fourier transform of $4:

fen(: 1)

/q>4 [(o,z‘), (: . Z) ;,\] P(~zu — za — yb)dydz.
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Recall that the right multiplication of elements of E? by elements of GL(2) pro-
duces a representation of GL(2) on the space of Schwartz—Bruhat functions on
E?; by Fourier transform, it produces a new representation denoted r5. Like-
wise, multiplication of elements of M (2 x 3, E) by elements of GL(2) on the left
produces a right representation on the space of Schwartz—Bruhat functions on
M(2 x 3, E); by Fourier transform we get a right representation of GL(2) de-
noted by I;. Thus we have also right and left representations of GL(2) on the
space of Schwartz-Bruhat functions on E? x M(2 x 3, E). We denote them in
the same way. We obtain finally

/ra(ga)”% [(gl,gfl), (gz,‘ 95" (2)) ;A]

0205 (1) | g1 27 d*gro105 ! (det go) | det gz [N d% g,

We use the Iwasawa decomposition to compute the integral over GL(2):

g2 = ko (68 :2> , dggzdkzdxal IG,Q I_l d*as.
We introduce a new Schwartz-Bruhat function

CI)G = /Tg(kg)—1¢5l(k2)dk2.

- — a 0
/% [(al Yg1,a297"), ( 01 ;2 a2_1> ;A]

0’20'3_1{91) l det91 ,/\2—)\3 dxglolagl(alag) l ajas I/\l_/\Q dxaldxazz/)(—wafl)dm

Then we get

We introduce finally the Fourier transform ® of ®¢ defined by

@[(-,-),(: . :);A]=/<I>e [(-,-),(: g :);)\]w(—za)dz.

Our last expression is then

(33) Wi(In(f1 = f2)¢) =
-1
/‘1’ [(aflgl,azgfl), (%1 ag2 agl) ;A]

0205 H(g1) | g1 |7 d¥gro105  (ara2) | ayas P20 d*agd ¥ as.

The previous formal manipulations are justified for ®A\; > A2 > RA3. The
above integral converges for all A. Thus the above formula is actually true for all
A. It can be used to obtain the required majorizations. It could also be used to
analytically continue Wj.
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6. Limit formula for J, (f)

We now discuss the continuous part of the spectrum. We follow the notations
of [JLR]. Thus we let E/F be a quadratic extension of number fields. For the
time being, let G be the group GL(n) regarded as an algebraic group over E
and H the group GL(n) regarded as an algebraic group over F. We denote by
N the group of upper triangular matrices with unit diagonal and by 8 a generic
character of N(Ej,) trivial on N(FE). We let f be a smooth function of compact
support on G(A). We define as usual a geometric kernel by (2). Let x be a
cuspidal pair, that is, an equivalence class of pairs (M, n) where M is a standard
Levi-subgroup of G and 7 is a cuspidal representation of M. We assume that
the restriction of the central character of 7 to Z(E,) is w. We let Ky, be the
corresponding kernel component. With this notation,

Ki(z,y) = Y Kpx(z,y).
X

In addition we define

fo(z'y Z/ Z E-'I;I)\ ¢7 ) (y:¢7 )

(M ) Ap PEBp(m)

Here dX is an appropriate Haar measure on 5. The outer sum is over all
pairs (M, 7) in the class x. For a given pair, the Eisenstein series at hand is
induced from the standard parabolic subgroup P with Levi-factor M and Bp(7)
is an orthonormal basis for the induced representation. The integer n(x) is the
number of chambers in ap. Note that the full kernel Ky, has an analogous
expression which involves Eisenstein series built out of residual forms. It follows
from the functional equation of the Eisenstein series that, for a given x, all the
kernels

xyH/ ZEJUI,\ )¢ M E(y, 5 \)dA

b ¢EBp(m)

are actually equal. Thus, if we call n1(x) the number of pairs in the given class
X, and choose one representative pair (M, r) in the class, we can also write

fo( ¢7 ) (y’¢7 )

A {4}

LEMMA 9: For all y,

/Kf,x(y,n)ﬁ(n)dn = /K?,x(y,n)O(n)dn
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Proof: This follows from the fact that residual Eisenstein series are degenerate
((MW]). |

In most of this paper, we will assume that f = fi * f5 where each function f;
is K-finite. Then

n —_—
K9, (2,y) = E(e, 1y (f1)¢ NEG, 1 ()5 V.
fx
n(x) Rt
We recall some consequences of Arthur’s majorizations ([Al]). Suppose f
is a smooth function of compact support on the group G*°. Then, there is a
continuous semi-norm g on the space of smooth functions of compact support on
G o such that for any X,Y in the enveloping algebra of G, and any f of the
form f = foo f with fo Koo-finite,

(34) Z n1(x)

S p(X)E(@, I(f)d; Np(Y ) E(y, ¢ A)|dX

PEBp(m)
<X * foo xY) [ My IV

n(x) Jiae

P

Here the action of the enveloping algebra is by infinitesimal right translation: if
X is in the Lie algebra of G, and h is a smooth function on G, then

. dh(gexp(tX)
X)h(g) = 2202
p(X)h(g) 7 i
Similarly
(35) S 1o (X)pe (V) Ky (2,)] < (X * foo x V) L2 IV 3 IV

X

Here the index 1, for instance, means that the operator p(X) is applied to the
function z — Ky ,(z,y). As usual we denote by T the truncation parameter,
by d(T) the minimum of the a(T’) for a € Ag. If N is given, we let G(E4, N)
be the set of z € G(E,) such that log || z |[< N. We denote by Al the
relative truncation operator introduced in [JLR]. We denote by AT, K(z,y)
the partial truncation operator, that is, the truncation operator applied to the
function z — K(z,y). We recall a lemma which is based on the work of Arthur
(cf. [J3] Proposition 21):

LEMMA 10: Let (2 be a compact subset of G(Ey). There is a constant C such that
if f has support in G(E, N) then, for d(T) > C(1+ N),y € Q any x € H(F4)
and any x,

AL Ki(o,y) = Kp(z,y), AL Kpy(z,9) = Kp\(2,y).
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Now let f° be given. Let () be an open subset of G, relatively compact and
such that K QK = Q. Let also §2; be a compact subset of G(Fa). Then there
is C such that for d(T) > C, f = foof*°, with fo supported on Q, x € H(Fa),
y € 1, and any Y,

Afll':mkrf»x(ma y) = Kf,x(x,y)~

Since truncation transforms slowly increasing functions into rapidly decreasing
functions, we see from (35) that we can truncate the series

ZKf,x(mvy)
X

termwise. Moreover, there is a continuous semi-norm g on C°(f2) such that,
under the same conditions,

(36) > K px(@9)] < ilfoo).
pe
We apply this to a compact set £, of N(Es) such that N(Ey) = Q1 N(E). After
integrating over N(E)\N(E4) we get
X

[ Keatamptmyin < utr)

or

/ K%X (xz,n)8(n)dn

< (fso)-

X
At this point we introduce the spectral distributions to be investigated in this
paper:

(37) T (f) = / dh / Ky (h,n)8(n)dn.
H(F)Z(F,)\H(F,) N(E)\N(E.)

By the previous majorization this is well defined. Note that in fact J,(f) is equal
to

/ dh K2(h,n)0(n)dn.
H(F)Z(F,)\H(F}) N(E)\N(E,)

From the previous majorization we also get

(38) D ()] < il foo)
X

for f = foof™, foo supported on 2. In particular, for a fixed ¥,

(39) [T (N £ B foo)-



Vol. 126, 2001 GENERIC REPRESENTATIONS FOR THE UNITARY GROUP 213

This shows that the linear form fo, — J,(f), defined on K-finite functions,
extends to a distribution. Thus J,.(f) is defined for all f. Let S be a finite set
of cuspidal data. Consider the inequality

SR < ilfe0).

\€S

It is true for fo, K-finite with support on 2. By continuity, it is then true for
any foo € C°(R). Since S is arbitrary, we see that the above inequality (38) is
true for any f, € C°(Q).

To continue we use Lemma 9 to conclude that there is C > 0 such that, for
z € H(Fy) and f = foo f* with fo € C°, we have, for d(T) > C and any ¥,

A,":L/K?’X(x,n n)dn = /A mK$ (z,n)f(n)dn = /fo (z,n)B(n)dn.
It follows that
//A fo z,n)0(n)dndz.

Furthermore, the inequality (34) implies that we can take the truncation and the
integrations inside the expression for K9. We introduce

Wao(@) = / E(n, ¢; NA(n)dn

We often drop ¢ from the notation and write simply Wy (¢). Then we get

PROPOSITION 7: Let f, i = 1,2 be given as well as an open set Q of G
relatively compact and bi-K invariant. There is C' such that if f; = f; o f%°,
i =1,2, fi oo supported on (2, then

T E(h 1 (f1)6, 2
I =2 /%(/A ()6 Nah) TR 79
for all T with d(T) > C.

Note that the integral is absolutely convergent in the sense that

Ju

is finite. We now go back to the case n = 3.

( / ATE(h IA(fl)qs,A)dh) ONINIAT. )ldx
{0}
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7. Contribution of the parabolic of type (2,1)

We let x be a cuspidal pair of the form (M,o), where M = GL(2) x GL(1)
and o is a cuspidal automorphic representation of GL(2, Ey) x GL(1, Ey). Then
n(x) = mi(x). By [JLR], the term J,(f) is zero unless ¢ is distinguished, that
is, 0 = 01 ® o2 where o7 is a cuspidal automorphic representation of GL(2, Ey)
distinguished by GL(2, F) and o2 an idele class character of E trivial on F,*.
As usual, oy is normalized by the condition that its central character be trivial
on RY. Likewise for o5. We let Q) be the parabolic subgroup of type (2,1) and
Q' the parabolic subgroup of type (1,2). As before we can define the space I(o)
of smooth functions ¢ : G(Es) — C such that, for any k£ € K, the function
m — ¢(mk) is in the space of smooth vectors of o. Let ¢ be a K-finite vector in
I{cg). Consider an Eisenstein series E(g, ¢; A). Then
AT (AT

(40) / AT E(h, ¢; \)dh = vg———J(1,0,0) + vgy

(A, d0) J(1,M(s,)\)¢,0),

(3)‘5 dQ’)

where 8 = wiws and

J(1,6,0) := k)dkdm;
(1,,0) /K ) /MH<F>\M;,¢(””‘) m

here My is the product of GL(2, F) and GL(1, F) and Ky the standard maximal
compact subgroup of H(F4). The period integral J(1,s,0) will be also denoted
by Jo,s Or Jo,4,0,- It is & continuous linear form on I(o). In fact,

(sA,ag) = (/\,S_ldQ/> = —(\ag).

Denoting by ¢&; the simple coroots, we take T of the form T = td; + tag with
t > 0. Then the projections of T on g and 2 respectively have the form:
Todg, Toag with Tg > 0. Thus (sA,T) = —(A,T). Hence the above formula
can be written

/ AT B(h, s Ndh = v 1(1,6,0) — vt (1, M(s5, \),0)
m s 93 =VQ v T+ ) ¢ —VQvT =% ) S, y V).
“(\aq) “(aq)

Since both sides of the formula must be holomorphic at A = 0 we find
(41) J(1,4,0) = J(1,M(s,0)9,0).
To continue, we set

d+7¢y¢'()‘) :J(lu ¢Ia O)W)\(I/\ (f2)¢)7
d—7¢,¢'(A) =J(17 M(37 ’\)¢l5 O)W/\(I)\(fi’)gb)
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Then d+,¢‘¢f (0) = d_’¢y¢r (0) and
(42) (\T) (AT
=) / [ T V) = gy W] (RS, A

¢,9'

To compute the limit for T — +o0, we use the method of (G, M) families devel-
oped by Arthur ([A3]). Here it amounts to writing the integrand as the sum of
the following terms:

oA o) = dioor (0) ()6 )

(A aq)
_e"(A.T> d_:¢:¢ ((A))\ d;j;ﬁd’,(ﬁ' (0) (I,\(f1)¢{7¢)
e(AwT) e_<XvT>
(G ~ Ty )t O ()80

In the first term, the quotient is a smooth function, even at A = 0. The reciprocal
of the denominator is bounded in the complement of a neighborhood of 0, and
(IL(f)¢', ¢} is integrable and square integrable. Now J(1, ¢,0) is independent of
A. If £ and y are in compact sets we know that

/ ‘ S B, Iy (f2)é VBT T (o)) |dA
¢

is finite. Integrating over IV x IV we conclude that

[ Emnmer o
¢

is finite as well. Thus di 4 4 is square integrable. Hence the first term can
be viewed as the Fourier transform evaluated on the projection of T' on g
of an integrable function. Thus it tends to zero as T tends to infinity. Since
the intertwining operator is bounded, a similar conclusion applies to the second
term. Finally, the last term can be computed as the integral of dy 4 4 (0) times
the Fourier transform of

(L)', 9)

over the convex hull of the set Ty, —Tg. Thus it tends to (Io(f1)¢, ¢') as T tends
to infinity. We arrive at our result:

() =1 Y _(I\(£)¢'®)dy 9.0 (0)
.0’
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or

(43) I (f) =00 Y J(L,Io(f1), 0)Wo(Io(f2)9)-
{¢}

On the space of smooth vectors of the representation Io s, », We now have two
continuous linear forms: the period form Jg ., ., and the Whittaker form
Wo.,01,0.- Using the notation of generalized vectors we see that we can write
our result in the form given in the next proposition.

PROPOSITION 8: For any smooth function of compact support f we have

Iy (F) = v@{Io,61,0. (FIW0,01,025 J0,01,02)-

We have established the result for a K-finite function. Since both sides are
distributions the identity is true for all functions.

8. Contribution of the Borel subgroup

Suppose that x is represented by the pair (A4, ) where A is the group of diagonal
matrices and o = (01,02,03). As before, the characters are normalized by the
condition that they be trivial on the group R:E. As before, X denotes an element
in A*. We introduce the complex variables s, 82, s3 defined by

e(A,H(a)) :‘ ay |51‘ as |82{ as |ss .

We define the space I(o). Let ¢ be K-finite in I(¢). Consider the corresponding
Eisenstein series E(h, ¢, A).

According to [JLR], Theorem 40, the period of the truncated Eisenstein series
I AT E(h, ¢, \)dh is equal to a sum of the terms indexed by the standard parabolic
subgroups of G whose Levi-factors are isomorphic to products of the groups
GL(1) and GL(2). In our case,

[ ARE,8,3)dh = 1(B,6,3) +1Q, 6.3 +1Q', 6.

where Q and Q' are the standard parabolic subgroups of type (2,1) and (1,2)
respectively, while B is, as before, the standard Borel subgroup. The term at-
tached to B vanishes unless the characters o; are all distinguished. If they are,
then

e(s)\,T)
(44) I(B,6,)) =vg Y mJ(LM(S,)\)@ 0)
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where the sum is over all s in the Weyl group and, as before,

J(1,6,0)= | ¢(k)dk
Ky
The terms attached to @ and @' vanish unless 0;(a) = o;(@)~! for some pair of
indices 7, j and the third character o}, is distinguished. Assuming this, the terms
are as follows:

el(whe.T) 0
(45) 1(Q,,)) = ZvQ oNoagy €a MW )6, (wh)
and
{(w)gr,T)

(46)  LQ,pN= Zv@ e agy ) (6o M g, @NF).

ag)

Here

€Q = Wi, nQﬁél = £Q7
b = w2, N TG =g

In (45), the sum is over all w such that w='c; > 0 and wo is trivial on the torus
T defined by Tg = A(E) NnoH(F )1351, that is, the torus of matrices of the
form

diag(a,@,8), a€ E,B€F.

Likewise in (46), the sum is over all w such that w—'ay > 0 and wo is trivial on
the torus Tg. The definition of the intertwining period will be recalled below.
Let us write J, (f) as a sum

I (f) = TR + IE(F)

n(x

where
Jin() = X) Z JRERNCAT RN
and
Jmex (£ X g / (M@ Ia(f1)d, V) + KQ', In(f1), A) Wa(Tx (F2) $)dA
¢
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8.1 THE TERM J;(“*“(f). We now compute I(B, ¢, A). We assume that the
characters o; are distinguished for i = 1,2, 3 since otherwise the term vanishes.
As before, we assume that fi and f are themselves convolutions of K-finite
functions. In particular,

fh=f*f
Then

L(f)¢ =Y (), ¢4
>
Thus we get

(s\,T)
Jmin(f) = B’“(X)Z / Tooon g 4w W Besr (A

pypy aeA (s, &)

where we have set

Bs.g(N) = (IN(/7)$,¢'),
Ag e (N) = J(1, M(s, VIx(f])¢',O)WA(Ir(f2)9)-

As before, the function A — By 4 (A) is of rapid decrease as well as all its
derivatives, while

A A¢’¢r (/\)

is of slow increase as well as all its derivatives.
We shall make use of the theory of (G, M) families as developed by Arthur.
Set
cs(V) = 2T and  dy(A) = Ag e ().

Let P(A) be the set of parabolic subgroups defined over F and having A as a
Levi-factor. If P is such a parabolic, there is s such that sP = B. We set

(47) cp(A) =cs(A),  dp(A) =ds(N).
We shall need to verify the following lemma.

LEMMA 11: The families {cp) and (dp) are (G, A) families in the sense of Arthur.

Proof: This amounts to saying the following: suppose s is a simple reflection
and s1, $9 are such that ss; = sq; if A verifies ss A = 51 then

632(/\) =Cs (/\)a ds, ()‘) = ds, ()‘)
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This is clear for the first family. For the second, the relation to be established
reads: for ssX = s1A,

J(L, M (51, VI (f7)¢', )W (Ix(f2)$) = J(1, M (32, ) IA(£7)¢', )W (Ix(£2) 9)-
By linearity this reduces to
J(1, M (s1,\)¢',00Wh(¢) = J(1, M (52, \)¢', 0)Wx ().

Since M (s2,A) = M(s,s1A)M(s1, ) we see that the relation we have to establish
is
J(1,M(s,A)¢',0)Wi(¢) = J(1,¢',0)Wx(4)
if sA = A. Say s = wi. There are two cases to consider.
Assume first that o1 # 2. Since the period is induced from GL{2) it suffices
to prove this relation in the context of GL(2). That is, we consider the induced
representation I 4, -, and an Eisenstein series E(g, ¢, A; 01,02). Then

o= (AT)

(AT)
/AﬂE(h,@)\;al,orz)dh=v3%d—>/¢(k) k— /M(a N o(k)dk.

The holomorphy at A = 0 implies that, as claimed,
/ S(k)dk = / M(c,0)6(k)dk.

Now suppose that 07 = 02. The relation wy A = X is equivalent to )\OQ = 0.
Then
M (wy, X) = M(s,A§) = M(w3,0) = -1
(the last relation from the GL(2) theory). Thus we cannot argue as before.

However, W, vanishes for AY = 0 which makes the above relation trivially true.
Indeed, we have

1
Hi<j Ls(l + 8; — Sj,O'iO'j_l)
where S is a suitable finite set of places. The linear form Wj is defined locally
and holomorphic for ®A = 0. Here 0, = g3. The relation )\OQ =0 gives $1 = $2

WAIa(£)¢) = WiIa(£)9)

so that the reciprocal of the L-factors vanishes as claimed. Our assertion follows.
|

Now, with the notations of Arthur ([A3]),

min nl
Jmin(f) = Z/Zcp e () g5 b,

PEP(A
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where we set b(A\) = (In(f2)¢, #'). Following [A3], Lemma 6.3, we rewrite this as

> AN,
QDA
We recall the definition of ¢3:
AN = Y eI
PeP(A),PCQ

Explicitly, for Q € P(A) we have Q = sB for some s and then
cﬁ()\) = fA D),
If Q = G then

e(s)\,T)

A= Z (sX, &) (s, )

Suppose that @ is a maximal proper parabolic subgroup containing A. Then
Q = sQ; with i = 1 or 4 = 2. Here @1 (resp. @2) is the parabolic subgroup of
type (2,1) (resp. (1,2)). Then

o B e(s/\,T) e(s;s,\,T)

ca() = (8A, dy) * (sisX, dig)’

We will not need the explicit value of the functions dg(A) except for di()). In
fact di; (M) is equal to the common value d(0) of all the functions dp(A), P € P(A)
at the point A = 0. We will, however, need the fact that each function di,(})
depends only on the projection Ag on @7, in the decomposition

(48) A = AT @AY,

Each function dg () is a smooth function on g ([A3], Lemma 6.1). Moreover,
it is of slow increase as well as all its derivatives. Indeed this follows from the
proof of Lemma 6.1 in [A3] and the following elementary lemma:

LEMMA 12: Suppose that ¢ is a smooth function, of slow increase as well as all
its derivatives, on R". If ¢ vanishes on the hyperplane {z|(z,«) = 0}, then

¢(z) = (z, ) ¢o(z)
where ¢g is a smooth function, of slow increase as well as all its derivatives.

We recall the proof of the lemma. We can introduce a system of coordinates
(z1,Z2,...,2y) such that the hyperplane is the coordinate hyperplane z; = 0.
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Then we can take
¢0(x1’$2,...,.'l7n):/ 5——(t$1,$2,...,$n).
0o 0%

Thus we can write our integral as

ZZ/CA (Vg (A)b(A)dA.

.0’ QDA

T (f
) n(x
Recall that the factor cg()\) depends in fact on T'.

LEMMA 13: The following limit exists:

Jim / 5 (N diy (NN

If Q = G and the o; are distinct, then the limit is d;(0)b(0). Otherwise, that is,
if Q # G or if the o; are not all distinct, then the limit is zero.

Proof: Let xr be the characteristic function of the convex hull of the points

{s71T} where s runs over W. The function ¢§ () is the Fourier transform of xr

([A3], p. 36). Therefore
. G 1 T 1
TJLII;O €A (N)dg (Ab(N)dA = Th_r)r;o xy (H)dgb(H)dH

= [ v nydghman
—d,(0)b(0).

If the o; are not distinct, then d;(0) = 0 since, as seen above, it involves the
Whittaker function Wy (I(f2)¢) which vanishes at A = 0.

Next, suppose that ) = s@; is a maximal parabolic subgroup containing A.
We may decompose T as T = T, + Té? ¢ according to the direct sum in (48). Set
Tg = s~ 'Tp, and T = s7'Tg, and let o = s~ ;. Then

eANTE) o~ NTE

na) (A ) )

G0 = et 7o) (
and
(49) / ¢S (Vi (A)b(A)dA

can be written

AR o= AT
(Ao To) g € _¢ Q Q
/ae Q(AQ)</%Q* ( T E JBOE +AQ)dG ) drg.
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The inner integral can be written in the form
[ xag (ExagbiE A

where b(e,Ag) is the Fourier transform of the function )\82 = bW + Ag) and
X1Q is the characteristic function of an interval (depending on TOQ ). The inner
integral represents a Schwartz function of Ag, depending on the parameter 7| (?.
In particular, this Schwartz function remains in a fixed bounded set (independent
of T(? ) of the space of Schwartz functions. Thus (49) is then the Fourier transform
of this function evaluated at Ty and hence tends to zero as T (and hence also
Tg) tends to infinity.
The Riemann-Lebesgue Lemma applies directly in the case @ = sB. |

Finally, we see that

JEm(f) = 11(%)) v Y J(LIo(f1)',0)Wo(Io(f2)9) (Io(f7) 6, ¢')
@0’

= yg Z J(1, Io(f1),0)Wo(lo(f2)9)-
¢

As before this can be written in terms of generalized vectors. Note that n,(x) =
n(x) if the o; are distinct. Also, J***(f) = 0 if the o; are distinguished and
distinct.

PROPOSITION 9: Suppose that y is represented by three characterso;, 1 <1 < 3.
The term Ji(“i“( f) vanishes unless the characters are distinct and distinguished.
If they are distinguished and distinct, then J,(f) = J?'""(f) and, for any smooth
function of compact support f,

(50) Jx(f) = UB <IO,U (f)WO,a’ JO,G)'

This identity has been established when f is a K-finite function which is itself
a sum of sufficiently many convolution products of K-finite functions. Since both
sides are distributions, the equality is in fact true for all f.

8.2 THE TERM J7"®*(f). This terms vanishes unless the following condition is
satisfied:

(x) One of the three characters, o, say, is distinguished and the two others o
and oy, are related by o;(a) = ox(@) ™.

If either o; or oy is distinguished, then o; = 0.
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According to Proposition 9, J;"i“( f) = 0 unless the o; are distinguished and
distinct. It follows that

I (f) = JP(S)
when (*) is satistied. Without loss of generality, we may assume that

o1(a) = oa(@) 7t o3 is distinguished.

Let m(x) = 3 if 01 = 02 and m(x) = 1if o1 # 0».

PROPOSITION 10: Suppose x is represented by (o1, 02,03) where o1(a) =02 (a)™?

and o3 is distinguished. Then Jy(f) = J***(f) and, for all smooth functions of
compact support,

T() = m0vg [Baa () Waes )i

where Wy, is as before and Jy, is the generalized vector defined below.
Moreover, if B is a bounded set, there is C > 0 such that for f € B,

3 my) / no (F)Waos Jao) dA < C,

the sum over all x of the above type.

To begin the proof, we note that

w)\QT)
Q
(51) 1Q.4,)) ZUQ (0o ag)” €@ M(w. 16, (WN)5)
and
e((w)‘)Q’7T>

(52) QN ngl (6, M1, 28, ().

(W)‘)Q’ y Qg

1

In (51), the sum is over all w such that w0y > 0 and wo is trivial on the torus

T, , that is, the torus of matrices of the form
diag{a,@,8), a€ E,feF.

Likewise in (52), the sum is over all w such that w=ay > 0 and wo is trivial on
the torus T,
We shall need to use the following functional equation for the intertwining

period.
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LEMmMA 14: With the previous notations, if A = )\OQ is in z'aoQ then

J(&Q’ ¢: /\) = J(ﬁQ’ ) M(w1w27 A)‘i)’ w1 w2)‘)
Proof: By Proposition 33 of [JLR]

J(ﬁQa (35’ }‘) = J(wngwl’ M(w27 A)¢a w‘ZA)
Similarly, if X' € ia$ * then
J(fQ’ y ¢’ AI) = J(wng’wls M(wlv AI)QS,, 11)1/\,).

Now
wiour = wrows.

Moreover, if X' = wyw2 and ¢ = M (wyws, A)¢ then
wed = wiX and M(wz,\)¢ = M(wy, N)¢'.
The lemma follows. |

Remark: If o1 and o are not distinguished, then we can derive the functional
equation from the formula

e<)‘Q7T)

S J(to,$, 09
(Ag,aqQ) (£2.9:%5)
‘(AQ7T>
~UQe—vJ(§QI’M(w1w2,A§+AQ)¢7w1w2(>‘0Q))'
(A@, Q)

Using the fact that the singularities on the line Ag = 0 cancel, we find

(53) [ ALB(h,6,Ndh =vg

(54) J(€Q, 6, AY) = J(€qr, M (wiwz, M), wrwAS).

We also note that J(&g, ¢, )\OQ) is induced from GL(2) in the following sense:
oo =[ [ e 490 101 g g m) dmlk
Ku JTQ(F)\Mu(F.)

where My is the Levi subgroup of type (2,1) in H. Now My is isomorphic
to GL(2,F) times GL(1,F). Thus the integral over My is really an integral
defining the intertwining period for the representation I(o1,02) of GL(2), or
more precisely, its analytic continuation (section 5.3). It inherits the analytic
properties of the intertwining period for GL(2). In particular, the following
result follows directly from the integral representation (31).
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LEMMA 15: If o1(a) = 02(@) ™! but o1 is not distinguished, then

J(€0. 6,8

has no singularity on the set §R)\g = 0. Ifo1(a) = g2(a)”! and 0, is distinguished,
then J(£g,#, AY) has a simple pole at A\§ = 0.

More precisely, we can use the GL(2) theory to define, for S large enough, a
normalized intertwining period J! such that

L5(1 - 25,07 '|F)
LSO(]. + 2s,wE/F01|F) )

(55)  J(, In(fe,AY) = I (€a, ()6, AS)

The normalized period J! is defined locally and has no singularity on the line
RA=0.
The corresponding relation for W is
1
(1+2s,01|F)L5%(1 + 2s,wg po1|F)
1

1~
Miciiizan LA+ si = sj,0i077)

(56) Wa(IA(£)9) = Wi(Ix(f)9) x 7%

X

Suppose first that o7 = g2 = 03. Then the condition that wo be trivial on
Tyyq or Ty, is vacuous. Thus in (51) the sum is over w € {e, w2, waw; } and, in
(52), the sum is over w € {e, w1, w1w2}. In this case ny(x)/n(x) = 1/6. It will
be convenient to introduce the following expressions:

e(AQ ’T) Q
Al ()" d)) =vQ '——T—~J(£Q7 ¢a /\0 )
O‘Q’ aQ)
e((w1’LU2A)Qr,T> J M Q
e (wiwaA) g, ) (&ar, Mwrwz, N6, (wrw2d)g),
JRET ) )
Ax(X, ¢) =vg WJ(EQ' L6, AF)

ellwzwi)g,T)

Q
+ UQWJ@Q, M (wawi, A)@, (wawiN)g ),

A0 d) vt e M(wp Q
3(A, ) —UQW (éq, M (w2, A), (waA)§)
e((wl’\)leT>
+vg J(€q, M(w1, N¢, (i N)F).

{(wid)gr, ag)

The following relations are easily checked:

Al (w2w1)‘7 M(walv )‘)¢) = A?()H ¢)7 Al (’Ll)z)\, M(w27 )‘)¢) = A3(A7 ¢)
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The functional equation of the Eisenstein series implies that
WwA(M(w7 ’\)¢) = W/\(¢)

Thus altogether J;'**(f) is 1/6 times the integral of the sum of the following
terms:

AN =D A (D f2)9),
¢

B =Y Av(wawi A, M(wows, @)Wz r (Twzw n (f2) M (wwn, N @),
]

C(N) =D Ar(wzd, A ) Wax (Lupa (f2) (M (w3, X))
[

Since the sums over the orthonormal basis are independent of the choice of the
basis, we get in fact

B(A) = A(wawn A), C(A) = A(wa)).
We note the simplifying relations

’UQr = vQ,
(wh)g,T) = — (A, T), ((wd)g,aq)=—{(Aq,dq),
W =w(r).

We will show in a moment that A()) is a smooth integrable function of A.
After a change of variables, it will follow that J7***(f) is equal to the integral of
SAN).

If o7 # o3, then also 02 # o3 and the sum in (51) reduces to a single term,
w = e. The sum in (52) reduces to a single term, w = wyw2. Again we will show
that A()) is a smooth integrable function of A. Furthermore, n;(x)/n(x) = 1/2.
Defining A()) as before, we will show that A(A) is a smooth integrable function
of A. It will follow that Ji***(f) is also equal to the integral of $A(X) in this
case.

Set
(57) di g (V) =J (€, (1), AW (£2)9),
(58) d_ g0 (N) =J(Eqr, M(w, VA ()¢, wAd )WL (11 (F2) ).
Then, in all cases where (*) is satisfied, A(}) is equal to

e(’\Q’T> e——(/\Q,T) ) ,
% [*—QQ,QQ)%@' - md—,¢,¢'(>\)] (I\()$,')-
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LEMMA 16: The functions
di .0, d- 0.6

have no singularities on A = 0. On R\ = 0 they are of slow increase as well as
all their derivatives. Furthermore, the relation

di g0 (AS) = d_ 6.6 (AF)

holds. In particular, A()\) is a smooth integrable function of A.

Proof: Lemma (14) implies the relation of the lemma. Then the assertion on
A(X) follows from the first part of the Lemma.
We check the assertions relative to dy 4 4. Indeed,

di g0 (V) = EQ, (D), AW (f2)0)
1

ILSO(I + 28,CAJE/I;‘O'll.Z‘_,)|2
1
Mici ez L9+ 85 = si,0507")

X

X

This expression has no singularity on ®A = 0 and is of slow increase as well as
its derivatives.

For d_ ;4 the proof is similar, but there is an extra step because of the
presence of the intertwining operator. We have to assume that f] is itself a
convolution product f{ = f# x f} and then write

J(Eqs--) = Y J(Eq, Tua(F)¢", AT WM (w, VA ()4, ¢").
¢II
The factor (M (w, \)Ix(f)¢', ¢") has derivatives of slow increase so we can finish
the proof as before.
It now follows that J"*(f) is equal to

UQz/

(note that vg = vg). We shall compute the limit as T — oo by the method of
the (G, M) families, which amounts here to writing the integrand as the sum of
the following three terms:

d- .6 (V) | (IN(f7)9, ¢')dA

[ 6(>\Q ) ) e~ 2. T)
+ .9’ <)‘Qa dQ)

0ooT) G0 (N) = di o0 (OF)
€ ()\Q,C“Q) ( (fl)d)a >7
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d_ g6 (\) = dige (AF)
_e—re 1) 3t +,6,¢' (Ao
()\Q7 O‘Q)

ere:T) e~ (X T)
(</\Q’%) - (AQ,dQ))d+¢¢'( NN, ¢')-

(IA(f1)9.¢'),

From the relation
di g, (AS) = d_ g6 (AF)

we see that in the two first terms the fractions represent smooth functions of A
which are of slow increase. Since (I5(f?)¢,¢') is of rapid decrease, the product
is integrable and the integrals of the first two terms tend to 0 as = oo by the
Riemann-Lebesgue Lemma. In the third term, the expression in parentheses is
the Fourier transform of the convex hull of —Tg,Tg where Tg is the projection
of T on ag. Hence its integral tends to

/mq di 0.0 O Le (F)6, ')A
Bt
Thus we finally find

S =i Y / T, La ()8, A WaLg (f2) AD)dAS.

This formula has been established for a K-finite function f = f; * f3 where f; and
f2 are K-finite and themselves convolution of K-finite functions. We will write A
for A and set s = (A, ;). We will also indicate the dependence on o. We have
seen that Wy, and J({o, ¢, A, 0) (which may not be defined at A = 0) define
continuous linear forms on the space of smooth vectors of the representation I ,.
Denoting by Wy , and Jj , the corresponding generalized vectors, we can write
the result in the form

JR%(f) = m(x)vg / Uno (F)Waos Jrg)dA.

The integrand is defined even at A = 0. In fact, we can write the integrand in
the form

(Do (HWh o0 Ir o)
1

X
|LSO(1 + 23,01|FwE/F)|2
1

_1 .
[icj 2,0 L5A + 85— si,050,)

X
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For our next step we let Sy be a finite set of places of F' and S the corresponding
set of places of E. As usual we assume that Sy contains all places at infinity.
For v finite we fix a smooth function of compact support f,. We assume it is
the characteristic function of K, for almost all v. For v infinite we let B, be a
bounded set of the space of smooth functions of compact support. Finally we let
B be the set of functions f = [] f, with f, € B, for v infinite.

LEMMA 17: Let B be the above set. Then there is a constant C > 0 such that,
for f € B,

> / (no (F)Waos rodl dA < C,

the sum over all triples of the above type.

To prove the lemma, we may as well assume that f = f; * fo * f3 where the
functions f;, ¢ = 1,2,3 remain in a set B. Using local majorizations, we see that
there is a polynomial P(A, o) such that for ¢ of norm one and f € B,

| 730 (Ino (@) < |P(5,0)].
Otherwise,
I Ix o ()36 1< 1P(s,0)]-
There is a similar estimate for W5 ,. We can write
(Ino (F)Wao, Iae) = (I o (F2)no (F)Ws o, Ino (F1) X o)
and this is thus majorized by

| Ino (£2) I 1P (s,0)],

where P! is a polynomial. Using estimates for the L-factors, we are reduced to
estimate an expression of the form

> [ 150 11Ps0)ld,
for f € B. Now I ,(f) is the operator defined by the kernel
L{ky, k) = / FlkT L anks)dne 7 H(@) dndq,

Thus
| Ino (f2) [I< sup |L(k, k2)] .

k1,k2
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For k; € K, f € B the functions

a /f(kl_lankg)dne<”’H(“)>

remain in a bounded set B4 of the space of smooth functions of compact support
on A(A). In particular, they are invariant under A(E) N K. We have then

| Ine (f2) |I< sup /cf) e<’\H“)>da

Finally, given P(A,0) and a bounded set B4, we need to show that there is a
constant C such that

Z/‘/d)(a a)eMH @) gq

for ¢ € B4. Our assertion follows.

[P\, 0)|d) < C,

Now we finish the proof of Proposition 10. By the previous lemma,

f o m(ve / (Do (F)Wao, Jro)d

is a distribution. It is equal to Jy.(f) when f is K-finite and a convolution of
sufficiently many K-finite functions. Thus it is in fact equal to J,(f) for all f.

9. The discrete part of the trace formula

Now we claim that, for any smooth function of compact support,

(59) = > O+ Z Ty ().

discrete

In the first sum, x appears if it is represented by a pair (M, #) where 7 is a dis-
tinguished representation of M and, furthermore, n{x) = n1(x). The restriction
of the central character of 7 to center of G must be equal to w. Then

Jx(f) = Iz (f)Wr, Jx),

where W; is the generalized vector corresponding to a Whittaker linear form and
Jr the generalized vector corresponding to the period integral

= / d(hk)dhdk.
Ky v My
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Explicitly, the possibilities are M = G, M is of type (2,1) and M = A, with
n = (01,09,03), the three characters being distinct and distinguished. The
second sum is over all idele class characters gy of E. Then

&mﬂthﬂAﬂnmemmx

2

where 7 is the representation induced by (u1,7i] ", 2), t2 is the distinguished
idele class character of E such that 7i ' u2 = w, and X is integrated over the dual
of iaOQ. Furthermore, the expression is absolutely convergent. More precisely, if B
is a bounded set in the space of smooth functions of compact support on G(Ejy)
then there is C' > 0 such that, for f € B,

> DI+ %UQ / {Dr (F)Wams Jam) dX < C.

discrete

To prove the equality (59), we remark that we have established it when f
is the convolution of sufficiently many K-finite functions. Since both sides are
distributions, they must be equal for all functions f.

10. Convergence for the unitary group

We go back to the notations of the introduction. Thus U is the unitary group for
the matrix w. If p is an idele class character of E, we consider the space I(y, ()
of smooth functions ¢: U(F) — C such that

Pp(udang) = ¢(g)pu(a)((u).

We set
Ao H(g)) =|a 't

if g = n'd,uk, with & in the standard maximal compact subgroup K’. For ¢ a
K'-finite function in I{y, o), we define the corresponding Eisenstein series

E(g, 60, 11,¢) = > ¢(vg)ePtrHOD),

We define a linear form W, , ¢ on the space of K-finite vectors of I(x,() by
Wane(f) = [ Bln, 61, 00(m)dn.

This is the analytic continuation of the integral

/¢(wn)e<)‘+”’m“’”)>H(n)dn.
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Again, the linear form extends to the space of smooth vectors. In fact, if Sy and
S are as before, then the restriction of the linear form to the space of vectors
invariant under K5° is given by

1
s+ 1L, L% (s + Lwg, rhlF)’

Wi () = Wi . (9) X 5(

where W/{%C is defined locally and holomorphic in A. Let us now consider a
datum x. Then the kernel associated to a K-finite function is given by

Kx(xay):/ZE(HJ,I,\,“,X(f)¢;/\)E(md,\+...,
¢

where the terms - - - correspond to residues of the Eisenstein series. For the pur-
pose of showing that the trace formula gives an absolutely convergent expression,
it is more convenient to define

Jx(f) = /Kx(m,m)ﬂ(nl)g(n_g)dmdng.

Because the linear form W) , ¢ is holomorphic for ®s > 0 and the residual
spectrum is obtained by taking the residue at appropriate points for s > 0,
we get

D = [ S Wasailanc (D @dA
¢

We can introduce a generalized vector W, ¢ and write the above expression as

1(f) = / (D (F)Wapncs Wasg)dA.

We want to prove the following: if f is a smooth function of compact support,
then

Z/!(IA,u,c(f)WA,u,c,WA,u,c)ld)\ < +oo0.
4
We may assume that f is a convolution product and even that
f = f f * f 1,
where f, is a smooth function of compact support. Then the expression reads

2. / e (F)WagllPdA.

74

If f; is K-finite, this is indeed finite. In fact, there is a continuous semi-norm
m on the space of smooth functions of compact support such that the above
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expression is bounded by m({f}  fi) for fi K-finite. The general case can be
obtained in the following way: given f; we may write f; = lim f, where (f,)
is a sequence of smooth K-finite functions of compact support. The functions
f1 and (f,) have support in a fixed compact set and f, converges uniformly to
f and any invariant derivative of f, converges uniformly to the corresponding
derivative of f;. We have

S [ Ml = ) WanlPr < m(fo = )(fr = o))
m

As o and § tend to infinity the right hand side tends to 0. We may regard all the
Hilbert spaces I, as closed subspaces of the same Hilbert space H := L?(K,dk).

We may also regard X = i x E;\E* as a measure space (X, dz). The functions

(A Q) = D (FWa g

are then measurable functions on X with values in 7. Then the sequence of
functions

Aa: (A1) = Do (fa)Whauc

is a Cauchy sequence in the Hilbert space L?(X,dz,#). It converges pointwise
to the function

A () = Dy (i)W

Thus a subsequence of 4, converges pointwise and in the Hilbert space to
the function A;. It follows that the function A; is in the same Hilbert space.
Moreover,

Z/HIA,u,c(fl)WA,u,clPd)\ < m(ff * fr).
n

11. Conclusion

We are now ready to prove the main result of this paper.

THEOREM 2: Any stable tempered packet of cuspidal representations of U con-
tains a globally generic representation.

Proof: Indeed the packet has for base change a single irreducible cuspidal rep-
resentation II of GL(3, Ex). By the results discussed in the second section the
representation II is distinguished. We go back to the discussion of the introduc-
tion section. If f and f’ are as in the introduction, the absolute convergence of
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the relative trace formula allows us to write
Tn(f) =Y T (f")
kig

where the sum is over all the members of the packet. Since the distribution
Ju(f) is a product of local relative Bessel distributions, we can choose a function
f satisfying our simplifying assumption such that the left hand side is non-zero.
It follows that the right hand side is non-zero and there is at least one 7 such
that JL(f') # 0. Such a 7 is generic. |

The same proof applies to the case of an endoscopic packet, by considering
the discrete, non-cuspidal, part of the trace formula. At any rate, the result is
already known as a consequence of the theory of the Weil representation ((GRS]).
It is also a consequence of another trace formula (cf. [F4], and also [Mao2]).

We can also prove a local result.

THEOREM 3: Let E/F be a local quadratic extension. Any tempered L-packet
of U(F) contains exactly one generic component.

Proof: By [GRS2], the only case which is not known is the case of a local
packet reduced to a single supercuspidal representation 7. Let us write the local
quadratic extension as E,/F,, where E/F is a quadratic extension of number
fields. Let us write m,, for m. There is an irreducible cuspidal representation =
of U(F4) having the component m,,. By the previous theorem there is a cuspidal
generic representation 7’ in the same L-packet as 7. In particular 7, = m,,, and
the theorem follows. |

We have also the following corollary.
THEOREM 4: Suppose that © is a cuspidal automorphic representation of U(Fy)

such that m,, is generic for every place vo. Then m is globally generic.

Proof: Indeed, there is a cuspidal automorphic 7' in the same packet as 7. By

the previous result m,, = 7, for all vo. Thus 7 = 7. |
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