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1. I n t r o d u c t i o n  

Suppose that G is a reductive group, defined and quasi-split over a number field 

F. Let N be a maximal unipotent subgroup in G and 0 a character of N(FA) 
trivial on N(F) and generic. Let Ir be a cuspidal automorphic representation of 

G(FA) and V the isotypic component of the space of cusp forms corresponding 

to ~. If ¢ is a smooth vector in V we set 

) /V(¢) :---- JNf<F)\N(FO ¢(n)-~(n)dn. 
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Thus W is a continuous linear form transforming under 0. We say that  7r is 

g loba l ly  gene r i c  with respect to 0 if the linear form W is not identically zero. 

If W is non-zero, then, for each place v, the component try is gene r i c  with 

respect to 0v, that  is, admits a non-zero linear form Wv transforming under 0v 

( W h i t t a k e r  linear form). Recall that  such a form is unique, within a scalar 

factor. If we define We(g ) = f ¢(ng)O(n)dn then the space W spanned by the 

functions W e is irreducible. The closure V1 of the kernel of the map ¢ ~ W e is 

invariant and so we may decompose V into an orthogonal direct sum V = V1 ® V0. 

The map ¢ ~-+ W e is now injective on the space of smooth vectors of V0. It  

follows that  the representation on V0 is irreducible. It  is generally conjectured 

that  inside a tempered L-packet of automorphic representations, there is exactly 

one component which is generic with respect to a given generic character 0 (cf. 

[KRS] and [fS2]). The purpose of this paper is to establish the conjecture for 

the quasi-split group in three variables relative to a quadratic extension E/F. 
We note that  in general we may have V # V0. However, here V = V0, that  is, 

the representation 7r has multiplicity one ([Roll, Theorem 13.3.1, p. 201). Before 

explaining the proof, we also raise another, related, question. If 7r is as above, 

we can define a global B es s e l  distribution as follows: 

Jr(f) :-- E W(p(f)C)W(¢); 
¢ 

here the sum is over an orthonormal basis of Vo; it amounts to the same to take 

the sum over a basis of V, or even a basis of the space of the packet to which 

7: belongs if the conjecture is true. At a place v we may define a local Bes se l  

distribution 

B.(f.v) :=- E Wv(Tr(f.)C)Wu(¢). 
¢ 

Note that  the distribution is defined within a positive factor. Thus, to make 

the following statement precise, one would need to choose a normalization of 

this distribution. It follows from the local uniqueness that  the global Bessel 

distribution decomposes as an infinite product of the local Bessel distributions: 

(1) J , ( f )=cHB~( fv ) ,  if f = ®fv. 
V 

The constant C is positive as a ratio of positive type distributions. The question 

at hand is to compute the constant in terms of L-functions attached to 7r. In the 

case of the unitary group, it is clear that  with more local information we could 

answer this question completely. See [BM] for another example. 
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The results of the present paper were announced in a short note with Solomon 

Friedberg as a coauthor ([FGJR]). It is a pleasure to acknowledge his contribution 

to the genesis of this work. 

We now proceed to discuss the proof of the result. We let E/F be a quadratic 

extension of number fields with Galois group {1, a}. We often write a(z) = ~. We 

let U1 be the unitary group in one variable, that is, the group of elements of norm 

1 in E × . We denote by G the group GL(3) regarded as an algebraic group over 

E and we denote by Z its center. We let H be the group GL(3, F)  regarded as an 

algebraic group over F and we denote by ZH its center. To prove the result, we 

use the concept of a cuspidal distinguished representation of G(EA). In a precise 

way, we say that such a II is d i s t i n g u i s h e d  by H(FA) (or simply distinguished), 

if the central character w of II is trivial on F~ (that is, is distinguished), and 

there is a form ¢ in the space of YI such that 

I ( ¢ )  := f ¢(h)dh 
Jz  H(A)H(F)\H(F~ ) 

is non-zero. On the one hand, it is a result of [F2], that, if II is distinguished, 

then II a = I~I, where H a is the representation defined by II~(g) = II(g a) and 

l:I denotes the representation contragredient to If. On the other hand, it is a 

result of IF2] and [FZ], that  II is distinguished if and only if the (partial) Asai 

L-function attached to II has a pole at s -- 1. From this and the factorization 

of the Rankin-Selberg L-function attached to the pair (H, H ~) in terms of Asai 

L-functions, it follows that if the central character of II is distinguished and 

l-I a -- H, then II is distinguished (section 2). In turn, this condition of symmetry 

is equivalent to II being the standard (or stable) base change of a tempered stable 

packet of automorphic representations of the unitary group. Thus for GL(3) at 

least, the property of II being distinguished is equivalent to H being the functorial 

image of a stable packet of automorphic cuspidal representations. This fact is 

predicated by the analysis of the potential pole of the Asai L-function in terms 

of the L-group (IF2]). 

Our main tool is then the relative trace formula. The relative trace formula 

used here was first discussed in [Y] in the context of GL(2). In fact, the split 

unitary group in [Y] is replaced by the group GL(2, F).  However, the functions 

at hand are in fact supported on the subgroup G' of matrices with determinant a 

norm, and the group G ~ is (up to central tori) isomorphic to the unitary group in 

two variables. In [F2], this is exploited to reformulate (and extend) the formula 

of [Y] in terms of the unitary group in two variables. Reference [F3] contains 

a study in the context of GL(n) of the formula used here in the context of 
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GL(3). The motivation of [F3] is essentially the same as ours. Indeed, given the 

above discussion for GL(3), the conjecture stated in [F2] (which motivates [F3]) 

amounts to saying that every stable tempered packet of representations of the 

unitary group contains a generic representation. We use the discussion of IF3]. 

However, the analysis of the continuous spectrum presented in [F3], although 

suggestive, is insufficient and erroneous. We do provide the analysis for GL(3), 

which we hope is correct. It is based on the results of [JLR]. 

We now proceed to discuss the trace formula in question. Recall we denote by 

G the group GL(3) regarded as an algebraic group over E.  We let B be the group 

of upper triangular matrices, A the group of diagonal matrices, N the group of 

upper triangular matrices with unit diagonal, and Z the group of scalar matrices 

in G. We write an element g as g = (gi,j), where i is the column index (this 

is the opposite of the standard convention). We fix a non-trivial character ¢ of 

FA/F, a character ~ of U1 (FA)/U1 (F) and denote by co the character of E2/E  × 
defined by co(z) = ~(zg-1). 

If f is a smooth function of compact support on GL(3, EA) we define a kernel 

(,) v. 
~eGL(3,E) 

Our main object of study is the distribution 

. , (s/::  S. i,< (F)ZH(F,)\H(F~) (E)\N(Ex) 

Here 0 is the character of N(EA) defined by (,x.) 
(4) 0 0 1 y = @ E ( x - - y ) ,  CE(Z)=e(Z+~). 

0 0 1 

The distribution can be computed in terms of the symmetric space 

= {s C GL(3, E): s~ = 1}. 

Indeed, we denote by P the polarization map 

P: G --+ S, .p(g) := ~- lg .  

The group G(E) operates on the right by twisted conjugation on ~: 

s ~5 y- ls9 .  
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There is a smooth function of compact support • on ~(FA) such that 

Then 

(5) 

f 
• (P(g)) = ] f(hg)dh. 

JH (F~) 

J(f) = /N(E)\N(ED jfUI(F)\UI(F~,) (¢ ~(F)~(n-I~nu))O(n)dn~(u)du" 

In this paper, we will make the following simplifying assumption: we let So 

be a finite set of places of F and S be the corresponding set of places of E. 

We assume that So contains the places at infinity, the even finite places, the 

places which ramify in E,  the places where ¢ ramifies and the places where 

ramifies. We assume that  f is a product of local functions fv- For v ~ S we 

assume that fv is bi-invariant under the standard maximal compact subgroup 

Kv. Furthermore, we assume that  for Mmost all such v's, the function fv is the 

characteristic function of Kv. We make the further assumption that for all places 

v E So which are inert in E and thus under one place v of E,  the function f .  

is supported on the open set l)v C GL(3, Ev) of matrices of the form hyan with 

h E Hv, a E Av, n E Nv. Here ~ is an element such that  7~(~) = w, and ( 01) 
(6) w-- 1 0 . 

0 0 

We do assume that there is at least one such place. The corresponding function 

~v, defined by 

(~v(:P(g) ) =/...f~(hg)dh, 
J 1 . 1  v 

is supported on the open set ~t w : = / ) ( l ~ ) .  This is the set of matrices s E ®v0 vo 
such that  si,3 ~ 0. Every matrix s in 12vW0 can be written uniquely in the form 

s ~- n-lwudan 

with n E N(Ev), u a scalar matrix in UI(F~o), and da = diag(a, 1,~-1). The 

complement of 12vo is the union of orbits of N(Ev) with a non-trivial centralizer 

(cf. [F3]). 
We consider the global orbital integrals, for u E U1 (FA) and a E E~ 

g(uda, 4) := f (~(~-lwudan)O(n)dn. (7) 
JN (E~) 
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Then 

J(f)= ~ Ju J(ud~,,~)~(u)du. 
a c E  × I (FA, )  

There is also a notion of local orbital integrals. If  v0 is a place of F inert in E 

and v the corresponding place of E,  then the orbital integral is 

(8) J(uda,'~vo) := f Ovo(n-lwudan)O(n)dn. 
JN (E~) 

If V0 splits into two places Vl, v2 of E,  then Gvo can be identified with the set of 

pairs (gl,g2) with gig2 = 1 and then 

(I) -1 = f vo(g2 gl,g~lg2) fvl(hgl)fv2(hg~-) dh. 
JH v 0 

We choose one of the two places, Vl say. Then we may identify ~ o  with 

GL(3, Fro) , via the map 

(gl, g2) ~ gl. 

We may also identify GL(3, Evl ) and GL(3, E v2) with GL(3, Fro). Then 

42vo(gl) -~ f .fvl(hgl)fv~(h)dh Ja L(3,F~ o) 

so that  ~v0 is the convolution of fv~ and the function iv2 defined by .fv2 (g) = 
fv2 (g-l). The orbital integral becomes 

(9) J(zda, (I)vo) := f ~2~o (n~lwzd~nl)O(n.2)0(nl)dnldn2, 
JN ( F v o ) × N ( F v  o ) 

where z is a central element, d~ = diag(al,  1, a~ -1) and 0 is defined by 

(ix ) 0 1 = ¢Foo (x - y). 
0 

Likewise, we consider the unitary group U for the Hermitian matrix w. The 

group is defined by the equation t~wg = w. We denote by A ~ the group of diagonal 

matrices, by N ~ the group of upper triangular matrices with unit diagonal in U 

and by Zu the center of U. Let ff be a smooth function of compact support  on 

U(FA). We construct a kernel 

(10) K},(x,y) :=/Zu(F~)/Zu(F) ~E~U(F) f'(x-l~Yz)~(z)dz' 
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and the distribution 

:-- / K I, (nl, n2)8'(nl)O'(n2)dnidn2. (11) J' ( f') 

Here 8 t is the character of N'(F~) trivial on N'(F) defined by 

8' 1 - e  = CE(x).  
0 1 

The group A'(F) acts by conjugation on N '  and thus on the set of characters 

N'(FA) trivial on N'(F). The group A'(F) is transitive on the set of generic 

characters. Thus the choice of 8' is inessential. We will make the following 

assumptions. Let So and S be as above. Then we assume that for every place 

v0 E So inert in E,  the function f~o is supported on the open set l~' of matrices 
vo 

of the form n~lwudanl. For u E U(FA) and a E E~ we consider the global 

orbital integral 

J'(uda, f') := / f'(n71wudan2)8(nl)8(n2)dnldn2. (12) 

Then 

J'(f') = E f J'(ud~, f')~(u)du. 
o~ 

As before, we have a notion of local orbital integrals. At a place Vo inert in E,  

t / N  ! --1 d 81 8 I (13) J'(uda,f~o):= ,IF.o)×N,(F~o)LO(n 1 wu an2) (nl) (n2)dnldn2. 

If the place Vo splits into v~,v2 then Uvo is the group of pairs (g1,92) with g2 -- 

wtg;lw. Identifying as before Uvo to GL(3, Fvo) via the map (gl,g2) ~4 gl, we 

see that  the local orbital integral is again given by (9) with ~ o  replaced by f~o" 

In this paper we will consider pairs (f,  f~) with matching orbital integrals, in 

the sense that 

(14) J(uda, ~) = J'(uda, f'). 

More precisely, we will assume that  for every place Vo of F split in E we have 

J'o = 

where both sides are viewed as functions on GL(3,F~o). For vo E So inert in E,  

we shall assume that 

(15) J(uda, ~vo) = J'(uda, f~o)" 
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In view of our simplifying assmnption, given ~ o  there is f~o such that (15) is 

true. Finally, we assume that for v0 ~ So and inert, the function S~o is the image 

of the function f~o by the base change homomorphism of the Hecke algebra. It is 

a theorem of [J2] and [Mao2] that relation (15) is then true. Thus relation (14) 

is true as well and we get 

(16) J( f )  = J ' ( f ' ) .  

As usual, we decompose the kernel K and K' with respect to cuspidal data. For 

cuspidal data X for G (resp. X ~ for U) we obtain a kernel Kx (resp. K~,). We 

define a corresponding distribution Jx( f )  (resp. Jx'(f ' )) .  Let )C be a cuspidal 

automorphic representation of GL(3, EA) whose central character is w. Then 

Jx( f )  = 0 unless X is distinguished by H. Conversely, we verify in the third 

section that, if X is distinguished by H, then there is f satisfying our simplifying 

assumptions such that J~:(f) ~ O. 
This being so, we consider a stable packet of automorphic representations of 

U with central character (. The base change of this packet is a single cuspidal 

representation X of GL(3, EA) with central character w where w(z) = ((zz-~) .  
Now X is distinguished. It follows that we have an identity 

(17) Jx( f )  = E J~:'(f)' 
X' 

where the sum on the right is over all X ~ such that  the unramified representation 

~ ¢ s  ~:v is the image of the unramified representation ~v0~so X~0 under the 
standard base change. For the group U, this amounts to saying that the sum 
is over all the members of the tempered stable packet whose image is X. From 

the formula, it follows that there is at least one such X ~ such that  Jx' ~ 0. This 

implies that X ~ is globally generic and proves the theorem. 
A natural question is to ask whether the sum on the right of (17) has only one 

element. We can answer this question affirmatively in the last section, thanks to 

local results. Taking this result for granted, we have then an identity 

(18) J<(f) = Z~,(f'). 

In addition to the previous notations, we will also introduce the following 

subgroups and elements of GL(3): 

{( ) /  (19) P : =  ** * * , P I = P Z ,  
0 0 1 
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(20) W l =  0 , w 2 =  0 1 . 

0 1 0 

The paper is arranged as follows. In section 2 we discuss a few needed com- 

plements on the Asai L-function. In section 3, we prove that the local relative 

Bessel distributions do not vanish on a suitable open set. In section 4, for the 

sake of completeness, we establish elementary results on orbital integrals, which 

are used here, and have also been used in previous references without proof. In 

section 5, we provide estimates for the functionals at hand. The analysis of the 

continuous spectrum of the trace formulas occupies sections 6 to 10. The main 

theorems are quickly established in section 11. 

2. C o m p l e m e n t s  on  t he  Asai  L - f u n c t i o n  

Let E l F  be a quadratic extension of number fields with Galois group {1, a}. 

Regard the group GL(n, E) as an algebraic group over F via restriction of scalars. 

The (Galois form of) the L-group of G is the semi-direct product: 

LG := (GL(n, C) × GL(n, C)) x {1, a}. 

The Asai L-function is the Langlands L-function attached to the n 2 dimensional 

twisted representation r: LG ~ GL(C n ® C n) defined by 

r ( g l , g 2 ) ( v  ~ w )  : (glv)  ~ (,q2w), 

r ( o ) ( v  ® = ® v. 

Let II be a cuspidal automorphic representation of GL(3). We fix So as before 

so that II is unramified outside S. We denote by L s° (s, H, Asai) the product of 

the local factors of the Asai L-function over the places no t  in So. 

LEMMA 1: Let # be any idele c/ass character of E such that #IF~ = ~dE/F. 

Then, i f #  is unramified outside S, 

L s (s, II ® IV) = L s° (s, II, Asai)L s° (s, II ® #, Asai). 

Proof: The lemma is formal from the point of view of the L-group (cf. [HLR] 

and [Gol D. For the sake of completeness we provide a proof. We claim that the 

contributions of each place v0 of F not in So to the two sides are the same. If 

v0 is inert and IIv is the unramified representation associated to n unramified 

quasi-characters )/i of E,  the contribution of v0 to the left hand side is 

II L(s, II 
i i ( j  
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while 

L(s, II~o, Asai) = I I  L(s, x / IF )  I I  L(s, xixj). 
i i< j  

Since #2 = 1, our  assert ion follows f rom the relat ion 

L(s, X~) = L(s, xilF)L(s, x~IFWE/F). 

See also [Gol]. If  v0 splits into two places vl ,  v2 then  q~o = q~l = qv2. If  we write 

L(s, I I~  ) = det [I  - t ( I I v ~ ) q ~ ] - 1  with t(II~,) • GL(n, C), then the contr ibut ion 

of v0 to the left hand  side is 

det [I  - t ( I Ivl)  ® t(IIv2)q~8] -2 

On the other  hand,  

L(s ,  IIvo, Asai) = det [I  - t(IIv 1 ) ® t(IIv2)q~o 8] -1, 

L(s ,  IIv0 ® #vo, Asai) = det [I - t(II~ 1 ® #~1 ) ® t(IIv2 ® p~)q~o s] -1 

Our  assert ion follows from the fact tha t  #Vl#~2 = 1. I 

The  following result  is then  true in the context  of GL(n) with n odd: 

PROPOSITION 1: Let II be a cuspidal automorpMc representation of GL(n) with 
n odd. Suppose that the central character w of II is trivial on F~ (that is, is 
distinguished). Then II ~_ II ~ if and only if 1] is distinguished by H. 

Proof'. We first r emark  tha t  the relat ion I~I _ II ~ implies ww ~ = 1. This  is 

equivalent to wlF ~ = 1 or wlF ~ = WE/v. 
For now consider an a rb i t ra ry  cuspidal representa t ion  II of GL(n, E) with 

central  charac ter  w. Let WH be the restr ict ion of w to F ~ .  Suppose tha t  WH = 1 
and II is distinguished. Then  ([F2]) I-I _~ II% 

Conversely, assume tha t  II is a cuspidal au tomorph ic  representa t ion  of GL(n). 
It  is a result  of [F1] and [FZ] tha t  the par t ia l  Asai L-funct ion has a pole at  

s = 1 if and only if ~d H : 1 and II  is distinguished. Suppose tha t  l:[ _~ II  ~ and 

(M H --~ 1. Then  the par t ia l  Rankin  Selberg L-funct ion has a pole at  s = 1. From 

the previous l emma  it follows tha t  ei ther the par t ia l  Asai L-funct ion a t tached  to 

II  has a pole a t  s = 1 or the  par t ia l  Asai L-funct ion a t t ached  to II  ® p has a pole 

at  s = 1. But  the restr ict ion of the central  charac ter  of II  ® # to F ~  is WE/F ~ 1. 

Thus  the Asai L-funct ion a t tached  to II  has a pole and II is distinguished. II 
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Remark 1: By the results of Shahidi on L-functions attached to Eisenstein series, 

the Asai L-functions do not vanish at s = 1. We could use this to give a global 

proof (rather than a local proof as in [F2]) of the only if part of the proposition. 

Remark 2: Likewise, for n even, then II satisfies l~I = II ~ if and only if either II 

is distinguished or II ® # is distinguished. In particular, the central character of 

H is then distinguished; this gives a positive answer to a question raised in [Roll. 

On the other hand, according to the discussion in [F2], in the first case H should 

be the unstable base change of a stable cuspidal packet; in the second case, it 

should be the stable base change of a stable cuspidal packet. 

If H is distinguished we will need to express the linear form 

J(~) := f O(h)dh 
Jz H(F~ )H(F)\H(FA ) 

on the space of II as a product of local linear forms. When the real places 

of F split in E,  the uniqueness theorem of IF2] implies the existence of such 

a decomposition. We will however give an explicit decomposition without 

appealing to the uniqueness result. To that end, we review the construction 

of IF1]. Let ¢ be a Schwartz Bruhat function on F]~ ~ and ¢ a vector in II. Set 

We set 

w(g) =f¢(ng)Y(n)dn. 

~(s,  W, ~) := ] W(eh)¢[(O, 0,. . . ,  1)h] I get h I ~ dh. 
JN (F~)\H(F~ ) 

The rational diagonal matrix e = diag(el, e2 , . . . , en)  E A(E) is so chosen that  

tr(ei/ei+l) = 0, for every i. The integrand is indeed invariant under N(FA). We 

assume that W and • are product of local functions. We choose So sufficiently 

large so that outside S the function Wv is Kv-invariant (equal to 1 on Kv) and 

outside So, ~v0 is the characteristic function of Ovno . Moreover, e is in Kv for 

v ~ S. If v0 is inert in E and v is the corresponding place of E,  we introduce a 

local integral, which is absolutely convergent for ~s >__ 1, and, in fact, in a half 

strip ~s  > 1 - e (IF2], [FZ]): 

f Wv(eh)¢vo[(O,...,O, 1)h][deth [~ dh. ~(s, W~, ~vo) 
JN (F. o ) \H(F~ o ) 

If v0 splits into two places vl, v2 then we introduce a local integral which 

converges for ~s  _> 1 and, in fact, in a half strip ~s  > 1 - e ([JS]), 

• (s, VCo,,wv2,~vo) := 
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IN (~vl h)Wv2 (c~2 h)O~o [(0, . . . ,  0, 1)h] [ det h is dh. wvl 
(Fvo)\H(Fv 0 ) 

Let Si be the set of places in So which are inert in E. Likewise, let Ss be the set. 

of places in So which split in E. Then ([F1]) 

=LS°(s'II'Asai) × H 9(s, Wv,~vo) H 9(s,V~o,,Wv2,~vo). 
vo C Si vo C S~ 

Taking the residue at s = 1, we get 

cfl(¢) . I  O(x)dx =Ress=l L s° (s, II, Asai) 

x H 9(1, Wv,(I)~o) H 9(1, W~x, Wv:,'h~o), 
vo C Si vo C Ss 

where the constant c > 0 depends only on the choice of the Haar measures. For 

Vo E Si, let us set 

flvo(Wv) := f Wv(eh)dh. 
JN (n- - I ,F .o) \GL(n-- I ,F .  o ) 

Here we embed GL(n - 1) into GL(n) as a factor of the Levi-subgroup of type 

(n - 1, 1). The integral is absolutely convergent ([F2], [FZ]). It is clear that the 

linear form ffvo is invariant under P1 (Fro). We claim that it is actually invariant 
under GL(3, Fro). Indeed 

9(1 'W~'0~°)  = /Kvo /F:o Jvo(p(a)W~)O,,o[(O,O,...,t)k] I t l n a×tdk. 

On the other hand, for a suitable choice of the Haar measures, 

/ ,hvo(x)dx = ~vo /FX ° ¢hvo[(O,O,...,t)k] , t ,n dXtdk. 

It follows that there is a linear form 7 on the Whittaker model of 7r~ such that  

f K  IF ffv°(p(k)Wv)Ov°[(O'O'""t)k] [ t [n dXtdk 
.o fro 

= 7(Wv)/:. /[~ Ovo[ (0 ,0 , " ' , t ) k ] l t  i n d×tdk, 
~ o  vo  
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for any Wv and any function Ovo. This implies that  for any smooth function f 

on Kvo which is invariant under Kv o N Pl,vo on the left 

/K~o /F~o ̀Tv°(P(k)Wv)f(k)dk = 7(WV) /K~o f(k)dk" 

The same relation is then true for any smooth function f on K~ o. It  follows 

that  7 = `Tv0 and that  ,Tvo is invariant under Kvo. Thus it is in fact invariant 

under GL(n, Fro). Likewise, if v0 splits into vl,  v2 then an invariant linear form 

on II~ 1 ® II~ 2 is given by 

`Tvo(Wvl ® W~2) := f Wv~(clh)Wv~(e2h)dh. 
JN ( n - l , F , o ) \ G L ( n - l , F v  o ) 

In fact this is known (see [B], [Ba], and the next section). For a suitable positive 

constant d, we get 

c'`7(¢) =Ress=lLS°(s, II, Asai)) I I  `7~o(W~) I I  `7~o(W~ ®W~2). 
vo C Si vo C S~ 

Note that  the global linear form `7 is continuous for the topology of the smooth 

vectors on the space of the representation II. In a precise way, let 7-/ be the 

Hilbert space of square integrable elements of II and )? be the space of smooth 

vectors in 7/. Let K '  be a compact open subgroup of G ~ ,  then the representation 

of G ~  on 7-/g' is a finite multiple of I I ~  and FK'  is the space of smooth vectors 

of this representation. The topology of F H' is the topology defined by the semi- 

norms ¢ ~-~ I P(X)¢I 2. The space ~/is the inductive limit of the spaces FK' .  The 

linear form 5[ is continuous on each one of the spaces )?g' ,  or, what amounts to 

the same, continuous on Y. Likewise for an infinite place v0 E Si which is below 

a place v of E,  the linear form I~ 0 may be viewed as a continuous linear form on 

the space of smooth vectors of H, .  For an infinite place v0 E S~ which split into 

vl, v2, the linear form Ivo may be viewed as a continuous linear form on the space 

of smooth vectors of IIv~ ® IIv2. Indeed this follows at any rate from the above 

formula. We define the r e l a t i v e  g loba l  Besse l  d i s t r i b u t i o n  ,711 as follows: if 

f is a smooth function of compact support,  K-finite on both sides, then we set 

J11(/) : ~ `7(~(/)v~)W(v~), 
i 

where vi is an orthonormal basis of 7 /whose  elements are K-finite vectors in Y. 

More precisely, let )2" be the topological dual vector space of V. We have thus 

continuous inclusions with dense image 

~; C 7 / C  ~*. 
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The restriction of the pairing (., . )  of 7-/× 7-/to )2 x )2 extends to a sesquilinear 

form denoted in the same way on the product ]2 x F* or the product F* × F. 

With this notation we may write )/V(v) -- (v, 14;) and then 

(n(n)v, w)  = o(n)(v, w>, (v, w)  = (w, v>, 

and the above formula reads 

J . ( $ )  = y~<~(f)vi, J )<w,  vii. 
i 

We still denote by 7r the representation of G(EA) on )2". If f is a smooth 

function of compact support  on G(E,~) then II(f)02* ) C ~. If f is K-finite on 

both sides, we have 

Jn ( f )  = <w, ~($*)y> = <~(f)w, y) .  

For arbi trary f we take this to be the definition of J n ( f ) .  

For Vo C Si, we introduce similarly a local r e l a t i v e  loca l  Bes se l  d i s t r i b u t i o n  

Bvo. For fro Kvo -finite it is given by 

By0 (f) = ~ Yvo (nv0 (f)O)w~0 (4) 
¢ 

where the sum is over an orthonormal basis. There is a similarly defined dis- 

tribution at the places in S~. Assume f = f s f  s where f s  is the characteristic 

function of K s. We find then that  the global distribution J n ( f )  can be written 

J n ( f )  : C(II)  1-I Bvo(f,o), 
voESo 

where the constant C(II)  can be computed explicitly. Unfortunately, we have not 

established the identity (18) for all functions f .  Thus we cannot use the previous 

decomposition to obtain the corresponding decomposition of the right hand side 

of (18), as we would like to. 

3. Loca l  re lat ive  B e s s e l  d i s t r ibut ions  

Now we let E/F be a local quadratic extension. We set /)1 = P(E)Z(E) and 

H1 = H(F)Z(F). The elements (w, wl, w2, e} form a set of representatives for 

the orbits of B(E) on G(F) .  Let ~w be the set of s such that  Sl,3 ~ 0, ~1 (resp. 

~2) the set of s C G(F)  such that  Sl,2 ~ 0 or sl,3 ~ 0 (resp. sl,3 ~ 0 or S2,a ~ 0). 

These sets are open. For s E ~ ( F )  we have 

D1 D1 ---- I 81'2 82'2 
81,3 = d e t s '  I 81,3 82,3 ' 
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Thus for s C ~tw we have also DI # 0. It follows that s can be written in 
--1 

the form s = blwb2 with bi E B(E).  In turn this implies that s = bwb with 

b C B(E).  Thus flw is the orbit ofw under B(E). We note that for s E @(F) the 

relations sl,3 = 0 and sl,2 # 0 imply D1 = 0 and then s2,3 = 0. It easily follows 

that O1 := fll - ~w = PI(E)  N ®(F) is the orbit of Wl under B(E).  Likewise 

02 := ~t2 - ~w is the orbit of w2 under B(E).  Finally G(F)  is the union of the 

open sets fl, and the closed set Oe := B(E) n @(F), which is in fact the orbit 

of e under B(E).  The orbit of w under P1 contains w and wlwwl = w2 but not 

Wl. It follows that f12 is the orbit of w under P1. 

We consider a unitary irreducible representation 7r of GL(3) on a Hilbert space 

7-/. We denote by ]? the space of smooth vectors in ~/. We assume that  ~ is 

distinguished by H(F) in the sense that there is a non-zero continuous linear 

form J on ~ such that J(~(h)v)  = J ( v )  for all v • )2 and all h • H(F).  We 

denote by w the central character of ~; it is necessarily trivial on F × , that  is, 

distinguished. We denote in the same way the extension of w t o / / 1  which is 

trivial on H(F).  Here, it is more convenient to let ¢ be a non-trivial character 

of E trivial on F and define a character 8 of N(E)  by 8(n) = ~)(rt2,1 + n2,3).  We 

assume that 7r is generic and let )4; be a continuous non-zero linear form on Y 

such that W(7~(n)v) = 8(n)W(v), for all n • N(E)  and all vectors v. We define 

the corresponding re la t ive  Besse l  d i s t r i b u t i o n / 3  as follows: if f is a smooth 

function of compact support, K-finite on both sides, then 

/3(f) = ~ J(~r(f)vi)}V(vi), 
i 

where vi is an orthonormal basis of 7-I whose elements are K-finite vectors in ~. 

As before, we let ~* be the topological dual vector space of ];. We have thus 

continuous inclusions with dense image: 

~; c ~ C ~;*. 

The restriction of the pairing (., .) of ~ × 7-/to ]~ × )2 extends to a sesquilinear 

form denoted in the same way on the product ~ × P* or the product ~* x ~. We 

still denote by ~ the representation of G(E) on ];*. If f is a smooth function of 

compact support on G(E) then ~r(f)(V*) C "P. If f is K-finite on both sides, we 

have 

B(f)  -- (W,~-(f*)J)  = (~(f)W, J ) .  

For arbitrary f we take this for definition of B(f) .  Here and below we use an 

integral notation for the value of B on a function f .  The distribution B has the 
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following properties of invariance: for h C H1 and n E N(E) ,  

/ f(hxrt)d/3(x) : O(n)-lw(h) -1 / f(x)d/3(x). 

In this section, we prove the following result: 

THEOREM 1: The restriction of~3 to the open set flF := P - I ( g G )  iS non-zero. 

3.1 PROOF: FIRST STEP. We prove the theorem when E/F is the extension 

C/~.  The proof in the non-Archimedean case is similar but simpler. We assume 

that the restriction of/3 to f~F is zero and prove tha t /3  is then zero. This will 

give a contradiction and prove the theorem. Since 13 is invariant on the left 

under H ( F )  it determines a distribution ~ on ~ ( F ) :  if (I, is a smooth function 

of compact support on ~ ( F )  then =~(~) =/3(f) where f is any smooth function 

of compact support on G(E) such that 

• (P(g)) = f f(hg)dh. 
JH (g) 

Thus E vanishes on the set f~w. We first show that it vanishes on f~l and f~2. 

To that end, we recall, in the form appropriate to us, some results of [KV]. Let 

H be a Lie group operating on the right on a manifold X and let H ~ be a closed 

normal subgroup of H. We denote by a the action of H on X. We also denote 

by a the corresponding left action of G on functions on X: 

= 

In our case H ~ = Z(C)N(C) and H = B(C). In particular, for our purposes, we 

may assume that H t and all of its closed subgroups are unimodular. Let 8 be a 

one dimensional character of H ~. Suppose that O is a closed orbit of H in X. Let 

T be a distribution on x, transforming according to ~ under H ~ and supported 

on O. Thus 

T(a(h')¢) = ~(h')-lT(~). 

Let M(~)(O) or simply M (~) be the r-th graded component of the transverse 

jet bundle of O. Thus M (1) is the normal tangent bundle and M (~) is its r-th 

symmetric power. Then ([KV]) the support of T is contained in the set of y E O 

such that for some r the fiber My (r) contains a non-zero vector transforming under 

the character ~ restricted to Hy, the stabilizer of y in H ~. 

Going back to the proof of our theorem, we assume that the distribution ~. 

vanishes on the open set f~w. We apply the just recalled results to the group 
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H = B(C) and the subgroup H '  = Z(C)N(C). If y is any point of ~ ( F )  the 

stabilizer of y in H '  is the product of Z(I~) and the stabilizer Ny of y in N(C). 

As a mat ter  of fact Z(R) operates trivially on ®(F) .  We first show that  the 

restriction of E to ~21 vanishes. Since ~tl = O1 U ~ and Ot is closed in ~1 this 

will follow from the results we recalled above and the following lemma: 

LEMMA 2: If y E 01 then the restriction of O to Ny is non-trivial and the action 

of N u on M(v r) is unipotent. 

Proof: Since B(C) is transitive on O1 it will suffice to prove the two assertions 

for the point y = Wl. Then Ny is the group of matrices of the form 

(i0 ) n =  1 , x E C .  
0 

The first assertion follows at once. For the second assertion, we remark that  the 

action of N~ on M~ is algebraic, hence unipotent. Thus the same is true of the 

action on My (r). (In fact, one can check that  the action on M~ is trivial.) | 

The lemma being established it follows that  the restriction of F. to ~1 is trivial. 

Likewise the restriction to f~2 is trivial. Equivalently, the restriction of B to 

f~ = P- l ( f~2)  is trivial. 

3.2 PROOF: SECOND STEP. W e  first recall some results on generic repre- 

sentations of GL(3). We denote by W(Tr) the space spanned by the functions 

g ~ W(~r(g)v), with v E 12. It is convenient to identify 12 with W(~r). 

LEMMA 3: For every W C WQr) the restriction of W to P(E) is square integrahle 

modulo N ( E). Moreover, the invariant (positive definite) scalar product on W(~r) 

may be taken to be 

- 

(W1, W2) = W1W2(p)drp. 
(E)\P(E) 

In particular, the map W v-+ WIP is injective. 

Proof: In the non-Archimedean case this is a result of Bernstein valid for GL(n) 

([B]). In the Archimedean case, the result follows from the global theory if the 

representation is a component of a cusp form: the proof is similar to the proof 

given in the previous section for the invariance of 27. At any rate, the result also 

follows from [JS] and a recent work of Baruch ([Ba]). | 
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LEMMA 4: Let Lt or Lt(zr) be the space of W E I/V(zr) such that the function 
WIP(E ) has compact support modulo N(E). Then the space L/is non-zero. 

Proof: In the non-Archimedean case, this is a result of Gelfand and Kazhdan 

([GK]). The proof in the Archimedean case is similar once we observe the fol- 

lowing: let V be a commutative unipotent subgroup of GL(3, E), so that V is 

isomorphic to a real vector space as a real Lie group; then for every Schwartz 

function ¢ on V and every smooth vector u in the space of zr the vector 

~(¢)u := J~[ ¢(v)~(v)~d~ 
is still a smooth vector. 

By definition 
f 

(W, ~(f*)W) = ] W(g)f(g)dg. 

Let Wo be an element of U and and let So be a smooth function of compact 

support on P(E) such that 

f C0 = (p). (np)O(n)dn Wo 

Let also ¢1 be a smooth function of compact support on H1 such that 

fill ¢l(h)w(h)dh 7 ~ O. Since the map (p, hl) F-+ p~-lh11 is submersive with 

image f~F 1, there is a smooth function of compact support f ,  supported on ftF, 

such that for any continuous function • on G(E), 

f ~(g)f(g-1)dg = f ~(pzl-lh~t)¢o(p)¢l (hl)drpdhl. 

In particular, for any W E W(~r), 

( n ( f ) w ,  w)  = fw(g)f(g-1)da 
= f., £  (P'l-lh-1)¢o(P)drP*l(h) dh : f(Wo,n( -lh-1)Wl¢,(hl)dhl 

= ( f  II(h)¢(h)dhII(rl)Wo, W). 

Equivalently 

and thus 

II(f)lA; = f II(h)¢l (h)dhlIO?)Wo, 

B(f)  = f w(h)¢l(h)dh(W0, fl). 
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Now B(f)  = O. By our choice of ¢1 we find 

J )  = 0. 

This relation takes place for all Wo E L/. Since L/is  invariant under P(E) we 

have also 

J )  = o 

for all g E f~F. Since f i r  is dense and the representation II on V is topologically 

irreducible, we conclude that  f f  = 0, a contradiction. | 

Isr. J. Math. 

3.3 A RESULT ON LOCAL DISTINGUISHED REPRESENTATIONS. The following 

proposition was part of the thesis of Youngbin Ok, written under the direction of 

H. Jacquet. It is not really needed in this paper, since, as noted, the result can 

be established by global means for the components of a distinguished cuspidal 

representation. Nonetheless, it is interesting that it can be established by purely 

local means in the context of GL(n, E), where E / F  is a quadratic extension of 

local non-Archimedean fields. It is analogous to the main result of [B]. 

PROPOSITION 2: Let ~r be a generic unitary irreducible representation of 

GL(n, E), distinguished by GL(n, F). We identify the space ]; of smooth vectors 

to the Whittaker model of Tr and denote by f l  a non-zero continuous linear form 

on l; invariant under GL(n, F). We assume that the generic character ~ is trivial 

on N(F).  Let P be the subgroup of matrices with last row (0, 0 , . . . ,  O, 1) and 

N the group of upper triangular matrices with unit diagonal. Then there is a 

constant c ~ 0 such that 

y ( w )  = cA(W), 

where 
f 

:= / W(p)@, 
./N (F)\P(F) 

and dp is a right invariant measure on N(F) \P(F) .  

Proo~ Indeed, according to [B], page 82, the central exponents of the derivatives 

7r [k] of 7r, 1 _< k < n, are strictly positive. This implies ([F1]) that A is defined 

by a convergent integral. Clearly, the linear form A is invariant under P1 (F) = 

P(F)Z(F) .  It will suffice to show that it is invariant under G(F). It amounts to 

the same to show that the distribution ~ defined by 

~(f)  = ~ J(Tr(f)vi)A(vi) 
i 
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is invariant on the right under G(F). A priori, it is invariant on the left under 

G(F) and on the right under P I (F) .  As before, it defines a distribution "~0 on 

6 ( F ) ,  invariant under P1 (F). The following lemma implies that  E~ and thus 

is invariant under G(F). 

LEMMA 5: Any distribution on 6(F) which is invariant under PI(F) is also 
invariant under G( F). 

We sketch a proof of this lemma. By the results of [B], the analogous assertion 

is true for the tangent space of 6 ( F ) ,  that  is, the space 80 of matrices X E 

M ( n × n , E )  such that  X + X  = 0. Let U C 6o  be the open set of X such 

that  det(1 + X) .  det(1 - X)  7~ 0. Suppose that  it is a distribution on U invariant 

under P I (F) .  Then for any smooth function of compact support  f on F x the 

product of it and the function ](det(1 + X).  det(1 - X))  is the restriction to U 

of a distribution # I  on 80. The distribution Pl  is supported on U and invariant 

under PI(F). Thus # I  is invariant under G(F). It  follows that  # is invariant 

under G(F). This being so, for each A C E x with ) ~  = 1, let ft~ be the open 

set of s E 6 ( F )  such that  det(s + Al~) ~ 0. The set ftx is invariant under G(F) 
and the map 

s - ) ~  
L~,(s)  . -  s + )~ 

is an analytic bijection of ~x onto U, which commutes to the action of G(F). 
Now if it is a distribution on 6 ( F )  invariant under P I (F) ,  then for each )~ the 

distribution t~,(#ll~x) is invariant under G(F). The same is true of #lf~x. Since 

the open sets 12~ cover 6 ( F )  our assertion follows. | 

4. C o m p l e m e n t s  on orbital  integrals 

We first prove in the context of GL(n) an elementary result which was used 

without proof in [J2] and [Mao2] in the case of GL(3). Assume that  E / F  is an 

unramified quadratic extension of non-Archimedean local fields. Suppose that  

the residual characteristic is not 2. Denote by ~v a fixed prime element in the 

ring of integers OF. Denote by E / F  the residual quadratic extension. Finally, 

let G = GL,~(E) and, as before, let 6 be the symmetric space of elements x E G 

satisfying x~ = 1. Let K = GLn(OE), let A be the diagonal subgroup, and 

w = (~i,n+l-i) or wn be the standard representative of the longest element in 

the Weyl group W. 

PROPOSITION 3: Every K orbit in 6 contains a unique element of the form aw 
with a = d i a g ( w m l , . . . , ~ m - ) ,  ml  _> m2 _> " "  _> ran. 
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Proof: Our  asser t ion  be ing  t r iv ia l  for n = 1, we m a y  assume n > 1 and our  

asser t ion  t rue  for n ~ < n. By the  Ca r t an  decomposi t ion ,  we may  wr i te  x = klak2 

where kj E K and a is a d iagonal  ma t r i x  wi th  entr ies  ~ m , , . . . , w m n .  The  

e lement  a is uniquely de te rmined  up to  conjuga t ion  by an e lement  of the  Weyl  

group.  Fur the rmore ,  a -- ~ and we may  assume tha t  

(21) m l  ~ m 2  ~ " ' "  ~ f inn.  

----1 1----1 
Now klak2 : k2 a -  kl . The  uniqueness of the  C a r t a n  decompos i t ion  implies  

t ha t  a -1 = u - l a u  for some u in the  Weyl  group W.  Our  hypothes is  (21) implies  

t ha t  we may  take  u = w. Thus  we can wri te  x = klawk2,  with ki C K ,  aw C ®. 
- - 1  

Our  t a sk  is then  to show tha t  we can choose k l ,  k2 so t ha t  k2 = k I • 

Suppose  first t ha t  a = 1, t ha t  is, x C K .  Our  asser t ion amount s  to saying t ha t  

x = kk  -1 wi th  k C K .  Let  x '  be the  class of x modulo  w O E .  Then  x' = gl.-gx1~ 

gl E GL(n, -E) .  If kX is congruent  to gl we thus  have x = kisl-k~ 1 where  s l  - in  ---1 
(rood w O E ) .  Thus  k2 = Sx + 1 is in K and  k2k 2 = sl .  This proves our asser t ion 

in this  case. 

We pass  to  the  general  case where a # 1, t ha t  is, m l  > 0. We let  r _> 1 be the  

integer  such tha t  

m l  z 7~ 2 ~ . . .  ~_ ?Tlr ~ m r - 1 .  

Since we are  only in teres ted  in K-o rb i t s ,  we may  assume tha t  k2 -- 1. Then  

a - l k l a  = w-k~lw is in K .  Let  Q be the  s t a n d a r d  pa rabo l i c  subgroup  of type  

( r , n - 2 r ,  r)  i f n  > 2r and  type  (r,r) i f n  = 2r. Denote  by M its s t a n d a r d  

Levi-factor ,  U i ts  un ipo ten t  rad ica l  and  V the un ipo ten t  rad ica l  of the  oppos i te  

pa rabo l i c  subgroup.  The  above  re la t ion implies t ha t  kl is congruent  to  an e lement  

of M V .  Thus  we can wri te  kl = v l m u l  with Vl C V M K ,  m C M N K  and  

Ul C U M K .  We then  have x = vlrnawvo, with v2 E V. The  uniqueness of this  

decompos i t ion  implies t h a t  v2 = ~ - 1  We are  thus  reduced  to the  case where 

x = maw.  If  n > 2r then  

(O1 0 00 ) ( i  1 0 0 ) ( 00 0 or) 
X ~ ?It 2 a2  0 W n - 2 r  

0 m3 0 a~ 1 wr 0 

with m l ,  m3 C GL(r,  OE), m2 E G L ( n  - 2r, OE). Set 

ml  0 O )  
k =  0 1 0 . 

0 0 1 
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Then x is equal to 

k 
(il 0 O0 ) ( O0 0 Wr) k -1 

a2 W n - - 2 r  0 . 

0 a l  I Wr 0 0 

The conclusion follows from the induction hypothesis applied to the element 

I T t 2 a 2 W n - 2 r  

of the symmetric sapce for GL(n - 2r). The case n = 2r is similar. | 

To prove the convergence of the local and global orbital integrals, as well as 

the convergence of the geometric part of our relative trace formulas we use the 

following lemma, that we prove in the context of GL(n): 

LEMMA 6: Let E be a local field and f~ be a compact set of GL(n,  E). Let A be 

the group of diagonal matrices, N the group of upper triangular matrices with 

unit diagonal. The relations ni 6 N ( E ) ,  a 6 A(E) ,  

tnlan2 ~ 

imply that de ta  is in a compact set of E × , the entries of a in a compact set 

of E, and nl ,  n2 in compact sets of N ( E ) .  I f  E is non-Archimedean, let K = 

GL(n,  OE). Then the relations a 6 A(E) ,  ni 6 N ( E ) ,  

tnlan2 6 K, a 6 A n K 

imply that nl and n2 are in K.  

Proof." We prove the second assertion. The proof of the first assertion is similar. 

We recall that the leading principal minors of a matrix are invariant of the action 

of N ( E )  x N ( E )  on GL(n, E). Thus under the assumptions of the Lemma the 

leading principal minors of the matrix are units. Our lemma amounts to say that 

if z is a matrix with integral entries and all its leading principal minors are units 

(including the determinant) then x =t nlan2 with ni E N ~ K and a C A ~ K.  

Inductively, it suffices to prove that such an x can be written in the form 

x :  ( l ' u 1 0 i )  ( ~  Oi)(1,~_]  1 )  

with g 6 GL(n  - 1, OE) and u, v integers. Indeed, the right hand side can be 

written in the form 

u 9 * 
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Thus, at any rate, x can be written in this form and det g is a unit. In addition 

g is integral thus g is indeed in GL(n - 1, OE). Finally gv and ug are integers. 

Thus the same is true of u and v and our assertion follows. | 

The lemma can be applied to expressions of the form nlwan2 and easily implies 

the desired convergence of the orbital integrals, local and global. The global 

integrals are product of local integrals, all absolutely convergent and almost all 

equal to one. In addition, for a given function, only finitely many of the global 

integrals are non-zero. 

5. E s t i m a t e s  for  f u n c t i o n a l s  

To prove that  the relative trace formula is absolutely convergent, it will be conve- 

nient to use estimates for the global Whittaker linear forms and period integrals 

discussed in the introduction. The estimates in question are easily obtained in 

the case of GL(2) and GL(3). In the context of GL(n) it would not be possible 

to obtain these estimates and one would have to use more sophisticated methods. 

5.1 INTEGRAL REPRESENTATION OF A SECTION. In this subsection and the 

two next ones, we discuss the case of the Whittaker linear form and the period 

integral for GL(2). Thus we let G be the group GL(2). To that  end we consider 

a pair of idele class characters a = (al,  a2) of E.  As usual, the characters are 

assumed to be trivial on the subgroup R~_ of E~ .  We let I(a) be the space of 

smooth functions 4: G(Ea) -+ C such that  

4 [(01 aX) g] :°'i(al)°2(a2)4(g) • 
We let K be the standard maximal compact subgroup of G(EA) and set 

[41 2 = fK { ¢(k) 12 dk. 

For a given ~ = ()h,$2) E C 2 we set 

if 

e (X+p'H(g)) =] al 1/2+x1] a2 t -1/2+)~2 

(o g ---- a2 

We have a fiber bundle of representations I~,a. As usual, we identify the space 

of the representation Ix,a to I(a). Then for 4 E I (a ) ,  functions of the form 

¢(g; ~) = ¢(g)e<~+.,H(g)> 
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are the s t a n d a r d  sec t ions  of the fiber bundle. We let f be a smooth func- 
tion of compact support on GL(2, EA) and consider the convo lu t i on  sec t ion  
I~,~(f)¢(g; A) defined by 

(22) (I~,~(f)¢) (g)e (~+p'H(g)) = f ¢(gx)e()~+P'H(gx)) f(x)dx. 

We first give an integral representation for (22). This is a variation on old ideas 
which is also described in [CJ]. For the convenience of the reader we go again 

through the construction. We assume that f = f s f  S where f s  is the character- 
istic function of K s . Then if we set 

¢1(g) =/Ks ¢(gk)dk 

we see that I[ ¢1 H_<[I ¢ [[ and h , ~ ( f ) ¢  = I~,~(fS)¢l. The value of our section on 
g E Gs is thus given by 

as ¢l(gx)e (;~+p'H(gx)) f s (x)dx. 

We set (with ](g) = f(g-1)) 

fl(g) := f ¢l(k)](k-lg)dk. 
J K  s 

Thus fl  is a smooth function of compact support and (22) is equal to 

× [al  1-1/2-;~1 al(al) -1 ]a2 ]1/2-x2 a2(a2)-ld×ald×a2dn 

where 

Now for each A, there is a function ~s[o; A] on E~ such that, for g E Gs,  

/EsxE ,1 [ n ( o l  O1)g ] [a ,  [-1/2-,xx al(al)-ldXaldn 

= ~s[(0, 1)g; A]al(detg)[detg [1/2+~1 . 

Since the function f l  has compact support, the support of the function (~s[e; A] 

is contained in a compact set of E~ - 0 which is independent of A. Then, for 
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g EGs ,  

(23) /~,~(f)¢(g; A) = 

C~l(detg) I detg I ~/2+x~ [ Os[(O,t)g;,X]C~lc~i(t)lt I ~+xi-x~ d×t. 
JE 

To have a formula valid for atl g we introduce the characteristic function ~v := 

char((gv ~) for v ¢ S and set 

el(x, x] :=  ys); H Cv[(X , 
'v~ S 

Then, for g E G(FA), 

(24) Ix,¢ (f)¢(g;)l)  = 

a l (det  g) I det g ]1/2+x1 
f~× q~[(0, t)g; )~]ala21(t)lt I l+x~-x2 (t)dXt. 

We need to control O[o; ,k] in terms of f .  We take f in a fixed bounded set B. 

This means that  f = f s f  s as before, with S fixed; the function f s  has support 

in a fixed set --, open and relatively compact. We assume that K s ~  = EKs  = E; 

the function f8 is invariant on the right and the left under a compact open 

normal subgroup K ~ of 1-Lcs,~it~ K.~. Thus f is invariant under the subgroup 

K" = K ' K  s of K ~ .  For each element X of the enveloping algebra of G ~  there 

is a constant Cx such that 

sup l p ( X ) f  I < - Cx .  

We need not consider those a for which I~,~(f) = 0. Thus we may assume that 

the characters ai are unramified outside S and that,  for v E S and finite, the 

restrictions of the characters ai,v to O x are in a finite set. The Schwartz-Bruhat 

function Os[ ' ;  ,~] is compactly supported: its support is contained in a fixed (i.e. 

independent of (,~, a)) open set of E~ - 0, relatively compact in E~ - 0. The 

function is invariant on the right under a the action of a fixed compact open 

subgroup K~ of Gs. Thus its support is contained in a fixed compact set of 

E~ and it is invariant under translation by a compact open subgroup of Esf~n,t~. 

Take ,~ in a strip a _< NA _< b. Then Os[ ' ;  A] is bounded uniformly in A and 

a. Consider a differential operator ~ on E ~  with constant coefficients. On the 

complement of (0, 0) we can write ~ = ~ i  c~Xi,~ where the Xi are elements of 

the enveloping algebra, Xi,~ are the corresponding vectors fields on F ~  and the 
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functions ci are smooth functions on E ~  - (0,0). A polynomial on the set of 

characters of E2 (or E x )  is a function of the form 

x ~ (x, x> 

where X belongs to the enveloping algebra of E x .  It follows that  there is a 

polynomial P~ (A, al ) such that 

I e:I,s[(~,y);,x] I_<11 ¢ II IP~(,x,,~,)l. 

In particular, for a given e l ,  and A in a strip, the functions O2s[(x,y);A, al] 
oz 2 remain in a bounded set of C~. (Es) and afort ior i  of the Schwartz-Bruhat space 

S(E~). Their partial Fourier transform ~s  with respect to the second variable 

(see below) are thus also in a bounded set. Moreover, we have in fact more 

information: for v finite in S, the projection of the support of the function ~ s  on 

E~ is contained in a fixed compact set and the function is invariant under a fixed 

compact open subgroup of Ev 2. Finally, for every ~ and every integer N there is 

a majorization of the form 

1,1¢s[(x,y); A] I< (1 +1 (xo~,y~)l .~)-N IP~,N(o,, A)I. 

5.2 WHITTAKER LINEAR FORM. We define a linear form )/Y~,a on the space 

I(a) by 

where w is given by (6). It will be convenient for the rest of this section to assume 

that A1 = -£~  and to write A for the pair (A,-A). The integral converges for 

~A > >  0. It is known that it extends by analytic continuation to the whole 

complex plane (this follows in fact from the forthcoming considerations). What 

we need are estimates for W~,~ (I~,~(f)¢). Consider again a bounded set/3. In 

what follows, we consider only those a such that I~,~(f) ¢ 0 for f E B. 

If we use (23) and change variables, we obtain, for ~A >>  0, 

1 /~[(t,t_x);A]l t i2:~ alc~fl(t)dXt 
(25) W~,~(/~,~(I)¢) = LS(2 A + 1,0.1G21 ) 

where ~ denotes the Fourier transform with respect to the second variable: 

¢(u, v) = / ~(~, x)~(-x~,)dx. 
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This expression converges for all A. Assuming that f = fs f as before, we can 
also write this formula in the form 

Another way to look at the formula is as follows: Let us assume that 4 = @$, 

where 4, is in the local induced representation I((I,) and 4, is equal to 1 on K, 
for v 6 S.  Then for f = fsfs ,  fs = @sfv, we get 

where the local linear forms Wx,,, , v E S ,  have similar integral representations: 

here the function a, is determined by 4,, f, and al,,. It will be convenient to 
introduce in the local case or global case the representation r2 of GL(2) on the 
space of Schwartz-Bruhat functions in two variables defined by 

Then 

This being so, it is easy to obtain majorizations for the integral 

in a vertical strip. We have then estimates for the derivatives as well. Alterna- 
tively, for a given S, we may introduce a normalized functional Wi  on the space 
of K~-invariant vectors. It is defined by 

The preceeding discussion gives majorizations for Wi (IA(fs)4): 
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PROPOSITION 4: Given a bounded set 13 there is a polynomial P(  A, a) such that, 

for all f E B and  all ~ with ~A = O, 

Iw:,,~(5,~(1)¢)1 < IP(A,a)II ¢1. 

Moreover, given f and ¢, the derivatives of  )~ ~-~ W~,~( I~ ,~ ( f )¢ )  a re  o f  slow 

increase on the line ~ = O. 

Later ,  we will use es t ima tes  for L-funct ions  t h a t  we s t a t e  as a lemma.  

LEMMA 7: Let S be a fni te  set  of places contedning all the places at infnity. 

For v fn i te  in S let Ev be a finite set  o f  characters of  Ov / . Le t  E be the set of 

idele class characters X of E which are  trivial on ] ~ ,  a re  unramifed outside S 

and such that, for v fn i te  in S, the restriction of xv to Ov x belongs to Ev. Then 

there is a polynomial P(t,  X) such that for X E E and t real  

1 I <_ IP(t ,x)h 
LS(1 + it, x)] 

and all X non-trivial 
ILS(1 + it, x)l <_ I P ( t , x ) I .  

Moreover, all derivatives of the functions 

1 
t ~  and  t ~  L S ( l + i t ,  x) 

LS( l  + it, x) 

are  of slow increase. 

For a fixed ~(, the  p roof  is s t a n d a r d  (see, for instance,  [L]). The  proof  can be 

ex tended  to the  genera l  case. | 

Combin ing  the  two previous  lemmas,  we ob t a in  ma jo r i za t ions  for the  l inear  

forms kV~,a. 

5.3 INTERTWINING PERIOD INTEGRAL. We now assume t h a t  E = F [ v ~ ] .  We 

assume tha t  the  two charac te rs  a l  and  a2 are  re la ted  by a2(a) = a1(-6) -1. Then  

ala~l(a)  = a l lF  o Norm.  We let  T be the  to rus  of GL(2, F )  whose e lements  

have the  form 

b 

We let r /E  GL(2, E) be an e lement  such t ha t  

{(0 0)} 
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and consider the i n t e r tw in ing  p e r i o d  in tegra l  (cf. [JLR]) 

J(~, ¢; A, a) : =  fT(F~ )\GL(2,F~, ) ¢(zIh)e<A+P'H(~h)) dh. 

The integral converges for NA > > 0. As before if we use the integral represen- 

tation (24) we obtain a formula for J(~, I)`,~ (f)¢; A, a): 

(28) J(~, I)`,~ (f)¢; A, a) := 

Ls(2A + 1, a~ IF o Norm) x 4)[(0, 1)~h; Alal (det h) I det 11+2)` dh. 
L(2,F~ ) 

Equivalently, we define a Schwartz-Bruhat function ko[.; A] on F~ (which depends 
on A) in the following way: 

~[(al'a2);A]:=/KnaL(2,g~)/F ~[(0'1)~(01 

Then 

(29) 

x)k  ] X l detk/dk 
a2 

X 

1 
J(~, I)`,~(f)¢; A, a) = LS(2 A + 1, 0"1 I F  o Norm) 

IF ~[(al'a2);)~]al(al) la] 12)' al(a2) ]a2 12F x+I d×aldXa2. 

If we denote by - the  Fourier transform with respect to the first variable and use 

the Tare functional equation we get 

1 
(30) J(~, I~,~(f)¢; A, a) = Ls(2 A + 1, al IF o Norm) 

x/~[(al,a2);.~]a11(a1)la1 I~ -2)` al(a2) l a2 12F )`+1 × × d aid a2. 

In fact, with the previous notations and assumptions, we have 

= l-[  char(O o) 
v fE So 

where k~So is a suitable Schwartz-Bruhat function. Moreover 

Ls(2A + 1, o-1 ]F o Norm) = L s° (2A + 1, o'I[F)L s° (2A + 1, WE/FOI [ g ) .  

Thus we can get a more explicit formula: 

Lso(1 - 2A, a~-llF) 
(31) L so (1 + 2A, 03E/Fa 1 IF)  

X / J~'/- ~So[(al,a2);,k]aL1so(al)lal I1F -2)` crl,so(a2) la2 12~'+1 d×ald×a2. 
So 
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In particular, the above expression is a meromorphic function of ~; on the line 

N~ = 0, the only singularity is a simple pole at )~ = 0, if the restriction of (71 

to F is trivial. This expression can be used to construct a linear form (depend- 

ing meromorphically on ~) on the space I(a)  (smooth vectors). Indeed, let us 

denote (31) by ~(f ,  ¢; ~). Thus ~ ~-~ ~(f ,  0; ~) is a meromorphic function of A 

with values in the space of bilinear forms on d~(G(EA))  x I(a).  It satisfies the 

identity 

/~(fl, Ix,~(f2)¢; A) = /~( f l  * f2, ¢; A), 

because for ~A > >  0 the bilinear form is given by a convergent integral and the 

equality is then obvious. The construction shows that for a given A the bilinear 

form is separately continuous. In fact if f = f s f  s and ¢ is K s invariant so that 

¢ = ¢S¢ s, we may write 

LS°(1 - 2A, a~ -1 IF) 
/3(f, ¢; ,k) := Ls  ° (1 + 2A, oJE/F(71 IF) x /3s ( f s ,  ¢s; A) 

where ,k ~ / 3 s ( f s ,  Cs; ~) is a meromorphic function with values in the space of 

bilinear forms on C~,(G(Es)) x I (as)  given by 

9s(fs, Cs ;  ,~) = 

/ ~ ~s°[(al'a2);~]°~,]so(al) I al ]IF -2)~ 01,So(a2)I a 2 12X-t-1 dXaldxa2" 
So 

We use this to prove a lemma: 

LEMMA 8: Suppose there are n elements @, 1 < i < n of I (as)  and n smooth 

functions of compact support fi on Gs such that 

&,~s (f~)¢i  = 0; 
l < i < n  

then 

3s ( f i ,  ¢i ;  ~) = o. 
l < i < n  

Proof: Let fa be an approximation of unity on the group Gs. We have 

(so, E - 0 
I f  we let ct tend to inf inity, we get f~ • f~ e f~; the separate cont inui ty  of/3s 
implies the lemma. 
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We may then define a linear form Js(~, "; A, a) on 1(o8) in the following way: 

given ¢, we use the Dixnfier Malliavin lemma to write 

¢ = ~ I),,as (fi)¢i 

and then set 

By the lemma, the right hand side depends only on ¢ so that the linear form 

is well defined. In other words, the linear form is uniquely determined by the 

condition that  

Js(~, Ix,~s (Is)C; A, 0) = ~(fs ,  ¢; A). 

For a given )~ it is bounded on any bounded set of I(as). The functions in a 

bounded set of I(as) are invariant under a fixed open subgroup of Kv, for each 

finite v E S; for each element X of the enveloping algebra of I ( ~  there is a 

constant Cx such that  

] p(X)¢(k) [<_ Cx. 

We take for granted that we can write the functions in a bounded set in the form 

l ( i ( n  

with n fixed, each f~ in a bounded set and each g~i in a bounded set. Since 

Js(¢ ,  ¢; o) = fls(£, 
i 

our assertion follows. As a matter  of fact, one can prove that the above decom- 

position is possible with highly differentiable functions rather than C a functions 

(cf. [A1], Corollary 4.2); this is good enough for the above considerations and the 

assertion follows. 

It will be convenient to introduce a normalized intertwining period integral j1.  

For ¢ invariant under K s, and f as before, we have 

L S ° ( 1 -  2)~'0~1[F) x J1(~,Ix,~(fs)¢;)~,a ). 
J(~, Ix,,  ( f )¢;  A, 0) = LS ° (1 + 2A, WE~pal IF) 

It is then easy to obtain majorizations: 

PROPOSITION 5: The normalized period j1 has no singularity on the line ~A = O. 
Let B be a bounded set of smooth functions of compact support. Then, there is 
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a polynomial P(A, al) such that fox" any f in I3, any ¢ E I(a), and any al whose 
restriction to F is non-trivial, 

[JX(~,Ih,~(f)¢;A,0-)[ ~_ [ P(A,0-1)] [[ ¢ [[. 

Likewise, any derivative ofA ~ j1 (~, i~,~(f)¢; A, 0-) on the line ~A = 0 is of slow 
increase. 

Similar estimates are available for J in the case where 0-1 has a trivial restriction 
to F. 

5.4 INTERTWINING OPERATOR. We can use the same ideas to obtain majoriza- 
tions for the matrix coefficients of the intertwining operator, that is, the functions 
of the form 

(M(w, A)/~,~ (f)¢,  ¢'} 

with ¢ E I(0-) and ¢1 C I(wa). Indeed 

x) = f 5, (y)C(wn;  )dn. M(w, 

Using (24) and a change of variables, we get this is the inverse of the appropriate 
L-factor times 

f 0[(t, x)g; (det g)[ det g A] [ de t t  [ x~ 0-10-2 ( t ) - l  d× t0-1 

We introduce the symplectic Fourier transform 

~(x,y)= / f O(u,v)¢(xv-yu)dudv. 
Using the Tate functional equation we get this is 

f ~[(0, t)g; A] [ 020" l(t) ta2 (get g) [ g det 11 t d × [ -~+1/2 .  det 

Finally, with the previous notation and assumptions, we get, for g E Gs, 

Ls(1 - 2A, 0-2a{ -1) 
M (w, A)Ix,~ (f)(g; A) = 

Ls(1 + 2A, 0-1a~ 1) 

x f ~s[(O,t)g; A] ] det t [1__0~ 0-.2,s0-~ls(t)d×t0-.2.s(detg)ldetg i-×+l/2 

It is then easy to derive the required majorizations. 
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5.5 WHITTAKER FUNCTIONAL FOR GL(3). In the remainder of this section, 

we let G be the group GL(3). Let a = (al,a2,a3) be a triple of idele class 

characters of E. They are normalized by the condition that they be trivial on 

R_~. We consider the space I(a) of smooth functions ¢ such that 

x z)]  
¢ a2 y g : ~ l (a l ) (72(a2)o3(a3)¢(g) .  

0 a3 

As usual, we have a holomorphic fiber bundle of induced representations I~,~. 

Here we let A be a triple of complex numbers (A1, A2, ~3) (with ~ hi = 0). Then 

we set 
e ()~+p'H(g)) ----] a l  ]lq-)~l] a2 ]M] a3 ]-1+~3 

if g = nak and a = diag(al, a2, a3). If ¢ is in I~, then the function ¢( . ,  A) defined 

by 

¢(g; ~) = ¢(g)e(~+P,g(9)) 

is a standard section. To a standard section we can associate an Eisenstein series 

and then set 

E(g, ¢; ~, a) = ~ ¢(~g; ~)e (~+p,'(~g)) 

f 
W~,~(¢) = J E(n, ¢; )% a)-O(n)dn. 

We define in this way a linear form W~,~ on the space of K-finite vectors of I~. 

Equivalently, W~,~ is obtained by analytically continuing the integral 

¢(wn; )O-~(n)dn, 

where w is given by (6). In fact it is known that the linear form is defined on the 

space of smooth vectors. If ¢ = 1-Iv Cv where, for v ¢ S, Cv is equal to 1 on Kv, 

then we can write 

1 
W~,~(¢) = 1-Ii<j LS( 1 + Ai - )~j,o*io'; 1) I I  W)~,°v(~)v)' 

vcS 

where W~,~v is a local Whittaker linear form: the analytic properties of the local 

linear form are known (see the references to Casselman, Shahidi and 

Wallach), in particular, the fact that it is a continuous linear form on the space of 

smooth vectors. Again, we can introduce a normalized linear form on the space 

of KSinvariant vectors by 

1 1 
W~,~(¢) = 1-Ii<j Ls(  1 + hi - £j, aia~ -1) W~,~(¢). 
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We need estimates uniform in ,~ and (r for l/V~,~(/~,~(f)¢). 

PROPOSITION 6: Let ]3 be a bounded set of the space of smooth fimctions of 

compact support. There is a polynomial P(A, a) such that for fi C 13, i = 1, 2, 

for any a, and any ¢ E a, any A with ~A = O, 

[]/Vl,~r (/~,~(fl * f2)¢)] ~_ ]P()~,o')l] e l -  

We can also show that  the derivatives of such a function are of slow increase on 

the space ~A = O. We will sketch a proof of these estimates below. Combining 

with s tandard estimates on Abelian L-functions we will obtain similar estimates 

for W~,~. 

Now we discuss how to obtain estimates for the local linear forms. Thus for the 

remaining part  of this section we let E be a local field. We have then the local 

representation I(a).  The proof is again based on an integral representation for a 

convolution section and the value of the linear form on a convolution section. We 

will simply write down the integrals in question and will leave out the details of 

the rest of the proof. We let f l ,  f2 be two smooth functions of compact support.  

We find an absolutely convergent expression for W),,¢(/),,¢(f2 * f l ) ¢ ) .  We first 

find an absolutely convergent expression for the section Ix,¢(f2 * f l )¢(g;  ~). In a 

precise way, we set 

¢(g; ~) = ¢(g)J~+p,H(g)), 

¢1(g; ~)~ J ~(gx;~)fl(X)dx, (~2(g; ~)-~ J ¢l(gx;)~)f2(x)dx. 
It  will be convenient to introduce a function ¢1( ' ,  "; A) on GL(3) x GL(2) such 

that  

01 (g, e; ~) = 0~ (g; ~), 

((a01 "¥) ) ¢1 g2 g,x;A = ¢l(g, xg2;A) [ al ] 1-~-'~1 al(al )  ]detg2 ]--1/2 . 

From the computations on GL(2), it can be seen that  there is a Schwartz Bruhat  

function ~1( ' ,  "; ~) on E 2 x K,  where K is the standard maximal compact sub- 

group of GL(3, E) such that  

¢~ [k, x; ,~] = 

~ ( d e t x )  t d e t x  Itl ~+~'~ f 421[(O, gl)x;-~]a2o31(gl) lgl 11+M-M dXg~. 
JE × 

We have then 
P 

¢2(g; A) = [ ¢~ (x; A)]2(x-l  g)dx. 
d 
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At this point we use the Iwasawa decomposition for the parabolic subgroup of 
type (1, 2) to get that ¢2(g; A) is equal to 

XOl(al) l al I 1-t-)~l dXal I detg2 1-1/2 dg2. 

Next, we define a function ~2(' ,  "; A) on E ~ x GL(3, E) by 

¢~[(x, y), 9; ~] = f ~l[(x, y), ka; A]]2 (k31g)dk3. 

The projection of the support of this function on the second variable is contained 
in a fixed compact set. Now there is a function ~3(o, o; A) on E 2 x M(2 x 3, F) 
such that 

~3 [(x,y), (0, 12)g; A] al(det gl) I detg 11+~1= 

/ ~ e  [(x,y), (10 1"~) ( a ~  1 leO)9] al(al) Ia~ I '+)'~ d X a l  . 

In terms of ¢3 we can write 

(32) ¢2(g; A) = al(det g) I detg 11+)'I 

f ¢,~ [(o, g~)g;', (o, g~)g; :q × 

a2a~l(gl) I gl 11+)'~-~3 d×glcqa~l(detg2) I detg2 11+:~,-)'2 d×g2. 

We can now write that 

w~(5(h * :~)¢) = f ¢2(wn)-O(n)dn 

= fa ¢2 1 1 ¢(-x)~b(-y)dxdy. 
0 0 

Taking these integrals inside the integral representation leads to an inner integral 
of the form 

f ~ [(gl,glx), (g2,g~_ ( ; ) )  ;A] ¢(-x-y)dxdydz. 

We introduce a partial Fourier transform of ~4: 

(. • ] 
• • ;A = 

• z /o4[,.,x,,(:. z a  
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Recall that the right multiplication of elements of E 2 by elements of GL(2) pro- 
duces a representation of GL(2) on the space of Schwartz-Bruhat functions on 
E2; by Fourier transform, it produces a new representation denoted r2. Like- 
wise, multiplication of elements of M(2 x 3, E) by elements of GL(2) on the left 

produces a right representation on the space of Schwartz-Bruhat functions on 
M(2 x 3, E); by Fourier transform we get a right representation of GL(2) de- 
noted by 12. Thus we have also right and left representations of GL(2) on the 
space of Schwartz-Bruhat functions on E 2 x M(2 x 3, E). We denote them in 

the same way. We obtain finally 

f r2(g2)-l~5 [(gl,gll), (g2,t g21 (01)) ;)~ ] 

a2a3-1(gl) 191 I ~2-x3 d× glala~l(detg2) I detg2 I )~1-)~2 dX g2 . 
We use the Iwasawa decomposition to compute the integral over GL(2): 

g 2 = k 2 ( o  1 a2X)' dg2=dk.~d×al,a21_ld×a2. 

We introduce a new Schwartz Bruhat function 

~ = / r2(k2)-1~51(k2)dk2" 

Then we get 

x 0 
f ~6[(a~lgl'a2g~l)'(O 1 a2 a2-1) ;A] 

a2a31(gl) I detgl  I ~'2-~3 d× gtata~l(ala2) l ala2 I ~-~ d×ald×a2¢(_xa~l)dx. 
We introduce finally the Fourier transform • of ~6 defined by 

"[(','),(: a 
Our last expression is then 

(33) W?,(I~(f~ • f2)¢) = 

/¢~ [(allffl,a2ffll),(O 1 al 1 0 
a2 a21 ) ;A] 

ff2a31(gl) l gl I A2-'% d×glala21(ala2) l ala2 I A2-X3 dXa2dXa3 • 
The previous formal manipulations are justified for ~A, > ~A2 > ~A3. The 
above integral converges for all A. Thus the above formula is actually true for all 

A. It can be used to obtain the required majorizations. It could also be used to 
analytically continue Wx. 
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6. Limit  formula  for J)~(f) 

We now discuss the continuous part of the spectrum. We follow the notations 

of [JLR]. Thus we let E/F be a quadratic extension of number fields. For the 

time being, let G be the group GL(n) regarded as an algebraic group over E 

and H the group GL(n) regarded as an algebraic group over F.  We denote by 

N the group of upper triangular matrices with unit diagonal and by 0 a generic 

character of N(EA) trivial on N(E). We let f be a smooth function of compact 

support on G(A). We define as usual a geometric kernel by (2). Let )~ be a 

cuspidal pair, that is, an equivalence class of pairs (M, 7r) where M is a standard 

Levi-subgroup of G and 7r is a cuspidal representation of M. We assume that 

the restriction of the central character of 7r to Z(EA) is w. We let K:,x be the 

corresponding kernel component. With this notation, 

g : ( x , y )  = 

In addition we define 

1 L z K~,~(x,y) := n(x) ( , ) ;' CeB,(~) 

Here dA is an appropriate Haar measure on iP.l~. The outer sum is over all 

pairs (M, 7r) in the class X. For a given pair, the Eisenstein series at hand is 

induced from the standard parabolic subgroup P with Levi-factor M and/3p(lr) 

is an orthonormal basis for the induced representation. The integer n(x) is the 

number of chambers in ap. Note that the full kernel K:, x has an analogous 

expression which involves Eisensteiu series built out of residual forms. It follows 

from the functional equation of the Eisenstein series that,  for a given X, all the 

kernels 

(x,y) ~-~ ~ E E(x,I~(f)¢;A)E(y,¢;A)dA 
¢CBp(,) 

are actually equal. Thus, if we call nl(X) the number of pairs in the given class 

X, and choose one representative pair (M, 7r) in the class, we can also write 

K},~(x, y) - nl (~) ~iPA E E(x, I)~ (f)¢; A)E(y, ~); A)dA. 

LEMMA 9: For a11 y, 

/ Kf,~(y, n)O(n)dn = f n)0(n)dn. 



VO1. 126, 2001 GENERIC REPRESENTATIONS FOR THE UNITARY GROUP 211 

Proof." This follows from the fact that residual Eisenstein series are degenerate 

([MW]). | 

In most of this paper, we will assume that f = f l  * f~ where each function fi  
is K-finite. Then 

?tl(X) ~ f/92 E E ( x ' I ~ ( f l ) O ; A ) E ( y ' I ~ ( Y 2 ) ¢ ; A ) d A "  K},x (x,Y) 

We recall some consequences of Arthur's majorizations ([A1]). Suppose foo 

is a smooth function of compact support on the group G °~. Then, there is a 

continuous semi-norm # on the space of smooth functions of compact support on 

Goo such that for any X, Y in the enveloping algebra of Goo and any f of the 

form f = foof °° with foo Koo-finite, 

(34) EnI(X) L I E p ( X ) E ( x , l ~ ( f ) ¢ ; A ) p ( Y * ) E ( y , O ; A ) d A  

< • • v )  II x IINII II N . 

Here the action of the enveloping algebra is by infinitesimal right translation: if 

X is in the Lie algebra of G ~  and h is a smooth function on G~ ,  then 

dh(gexp(tX)  t=0 
p(X)h(g)  - dt " 

Similarly 

(35)  E ]pl(X)P2(~r)Kf,x(x'Y)I ~- # ( X  * foo * Y)  II x IINII y ]] N . 
X 

Here the index 1, for instance, means that the operator p(X)  is applied to the 

function x ~ Kf ,~(x ,y) .  As usual we denote by T the truncation parameter, 

by d(T) the minimum of the a(T) for a C A0. If N is given, we let G(EA, N)  

be the set of x E G(EA) such that log I] x ]1<_ N. We denote by AT the 

re la t ive  t r u n c a t i o n  o p e r a t o r  introduced in [JLR]. We denote by A ~ m K ( x  , y) 

the partial truncation operator, that is, the truncation operator applied to the 

function x ~-~ K(x ,  y). We recall a lemma which is based on the work of Arthur 

(cf. [J3] Proposition 21): 

LEMMA 10: Let f~ be a compact subset of G( EA). There is a constant C such that 

i f  f has support in G(EA, N)  then, for d(T) > C(1 + N), y E f~ any x C H(FA) 

and any X, 

A mKs(x,y) -- = 
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Now let f ~  be given. Let f~ be an open subset of G ~  relatively compact and 

such that K~f~K~ = f~. Let also f~l be a compact subset of G(FA). Then there 

is C such that for d(T) > C, f = f~ f~ ,  with f ~  supported on f~, x E H(FA), 

y E gtl, and any X, 

Since truncation transforms slowly increasing functions into rapidly decreasing 

functions, we see from (35) that we can truncate the series 

k 

termwise. Moreover, there is a continuous semi-norm # on C~(ft)  such that,  

under the same conditions, 

(36) ~ IKs,x(x,y)l < p(fc¢). 

We apply this to a compact set f~l of N(EA) such that N(EA) = f~IN(E). After 

integrating over N(E)\N(EA) we get 

o r  

/ Ks,x(x,n)O(n)dn <_ p(f~) 
x 

/ K},x(x'n)O(n)dn ~ Z #(]~). 
x 

At this point we introduce the spectral distributions to be investigated in this 

paper: 

(37) J (s) = 

By the previous majorization this is well defined. Note that in fact J~(f) is equal 

to 

fH(F)Z(F~)\H(F~) dh jfN(E)\N(E~) K°(h'n)O(n)dn" 

From the previous majorization we also get 

(38) ~ IJx(f)l _< # ( f ~ )  
)g 

for f = f~ f~ ,  f~ supported on f~. In particular, for a fixed )C, 

(39) I&(f ) l  -< ~(f~). 
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This shows that the linear form f,o ~ Jx(f),  defined on K-finite functions, 

extends to a distribution. Thus J~ (f)  is defined for all f .  Let S be a finite set 

of cuspidal data. Consider the inequality 

Z IJ (f)l <_ 
~ES 

It is true for f ~  K-finite with support on ft. By continuity, it is then true for 

any f ~  E C~(ft) .  Since S is arbitrary, we see that the above inequality (38) is 

true for any f ~  C C~(f~). 

To continue we use Lemma 9 to conclude that there is C > 0 such that,  for 

x E H(FA) and f = f ~ f ~  with f ~  E C~, we have, for d(T) > C and any X, 

It follows that  

Furthermore, the inequality (34) implies that we can take the truncation and the 

integrations inside the expression for K °. We introduce 

l/Y~,~(¢) := / E(n, ¢; A)-O(n)dn. 

We often drop a from the notation and write simply W~(¢). Then we get 

PROPOSITION 7: Let f ~ ,  i = 1, 2 be given as well as an open set ~ of Goo 
relatively compact and bi-K invariant. There is C such that if fi = fi ,oof~, 
i = 1, 2, fi,oo supported on ft, then 

hi(X) j ~  {¢~} ( /ATE(h , i~ ( f l )¢ ,A)dh)~Vx( Ix ( f2 )¢ )dA,  J ~ ( f ) -  n(x) 

for all T with d(T) >_ C. 

Note that the integral is absolutely convergent in the sense that 

is finite. We now go back to the case n = 3. 
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7. Contribution of  the parabolic of  type (2, 1) 

We let X be a cuspidal pair of the form (M,a) ,  where M = GL(2) x GL(1) 

and 0 is a cuspidal automorphic representation of GL(2, EA) × GL(1, E•). Then 

n(;~) = nl(x). By [JLR], the term Jx(f) is zero unless a is distinguished, that 

is, o = 01 ® 02 where 01 is a cuspidal automorphic representation of GL(2, EA) 

distinguished by GL(2, FA) and 02 an idele class character of E trivial on F~ .  

As usual, 01 is normalized by the condition that its central character be trivial 

on IR~_. Likewise for 02. We let Q be the parabolic subgroup of type (2, 1) and 

Q~ the parabolic subgroup of type (1, 2). As before we can define the space I(0) 
of smooth functions ¢ : G(EA) ~ C such that, for any k C K,  the function 

m ~-~ ¢(mk) is in the space of smooth vectors of a. Let ¢ be a K-finite vector in 

I(0). Consider an Eisenstein series E(g, ¢; A). Then 

e()~'T ) e(sX,T) 
(40) ATmE(h,¢;A)dh = V Q ~ J ( 1 , ¢ , O )  +VQ, (sA, aQ,)J(1, M(s,£)¢,O), 

where s = wlw2 and 

J(1, ¢ , 0 ) : = / K ~  /Mn(F)\M~ ¢(mk)dkdm; 

here MH is the product of GL(2, F) and GL(1, F)  and KH the standard maximal 

compact subgroup of H(Fn). The period integral J (1 , . ,  O) will be also denoted 

by Jo,~ or Jo,~l,~. It is a continuous linear form on I(0). In fact, 

Denoting by &i the simple coroots, we take T of the form T = t&l + t&~ with 

t > 0. Then the projections of T on 92Q and 9.1Q, respectively have the form: 
TQ&Q, TQ&Q, with TQ > O. Thus (sA, T) = -(A,T) .  Hence the above formula 

can be written 

e(.X,T) e-(h,T} 
rAtinE(h, ¢; A)dh = ~ J ( 1 ,  ¢, 0) - J(1, M(s, A)¢, 0). VQ v Q ~  

Since both sides of the formula must be holomorphic at I = 0 we find 

(41) J(1, ¢, 0) = J(1, M(s, 0)¢, 0). 

To continue, we set 

d+,¢,¢, (A) =J(1,  ¢', 0)W~(Ix (/2)¢), 

d_,¢,¢, (A) =J(1 ,  M(s, 1)¢', 0)Wx(Ix(f2)¢). 
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Then d+,¢,¢, (0) = d_,0,¢, (0) and 

(42) 

Jx( f )  = VQ [~d+,o,O,'()~) "~-~'~Q)d_,¢,O,(.,~)J (X~(fl)Ot, O)d.~. 

To compute the limit for T --+ +oc, we use the method of (G, M) families devel- 

oped by Arthur ([A3]). Here it amounts to writing the integrand as the sum of 

the following terms: 

e(:~,T ) d+,v, ¢, (~) - d+,,,¢, (0) (I~ ( f l )¢ ' ,  ¢) 

- - e -  (A,T} d_,¢,,, ()~) - d+,4~,¢, (0) (I~ ( f l )¢ ' ,  ¢) 

(e(~'T) e-(),,T) ) 
+ d+,¢,¢,(0)(5(y,)¢',¢). 

In the first term, the quotient is a smooth function, even at A = 0. The reciprocal 

of the denominator is bounded in the complement of a neighborhood of 0, and 

(I~(f)¢ ' ,  ¢} is integrable and square integrable. Now J(1, ¢, 0) is independent of 

A. If x and y are in compact sets we know that 

/ ~,, E(x, Ix(f2)¢;,~)E(y, lx(f2)¢;A) d)~ 

is finite. Integrating over N x N we conclude that 

f ~-'~ IW~(Ix (f2)¢)12 dA 

is finite as well. Thus d+,,,¢,, is square integrable. Hence the first term can 

be viewed as the Fourier transform evaluated on the projection of T on P.IQ 

of an integrable function. Thus it tends to zero as T tends to infinity. Since 

the intertwining operator is bounded, a similar conclusion applies to the second 

term. Finally, the last term can be computed as the integral of d+,¢,¢, (0) times 

the Fourier transform of 

(IA (f l )¢ ' ,  ¢) 

over the convex hull of the set TQ,-TQ. Thus it tends to (I0(fl)¢,  ¢') as T tends 

to infinity. We arrive at our result: 

Jx (f) = VQ E (I:~ (I)¢' O)d+,¢,¢, (0) 
¢,¢' 
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or  

(43) J<(f) = vQ E J(1, Io(fl)¢, 0)Wo(I0(f2)¢). 
{¢} 

On the space of smooth vectors of the representation Io,~1,~2 we now have two 

continuous linear forms: the period form Jo,~1,~2 and the Whittaker form 

Wo,~,,~2. Using the notation of generalized vectors we see that we can write 

our result in the form given in the next proposition. 

PROPOSITION 8: For any smooth function of compact support f we have 

Jx(f) -- VQ(IO,al,a2(f)Wo,al,a2, Jo,~,,~2)" 

We have established the result for a K-finite function. Since both sides are 

distributions the identity is true for all functions. 

8. C o n t r i b u t i o n  of  the Borel subgroup 

Suppose that  X is represented by the pair (A, a) where A is the group of diagonal 

matrices and a = (al, a : ,  a3). As before, the characters are normalized by the 

condition that  they be trivial on the group ~ .  As before, ~ denotes an element 

in 91". We introduce the complex variables sl, s2, s3 defined by 

e (~'H(a)~ = l  a l  Is~l a2 Is2{ a3 I s3 • 

We define the space I(a). Let ¢ be K-finite in I(a). Consider the corresponding 

Eisenstein series E( h, ¢, ,~ ). 
According to [JLR], Theorem 40, the period of the truncated Eisenstein series 

f ATE( h, O, )~)dh is equal to a sum of the terms indexed by the standard parabolic 

subgroups of G whose Levi-factors are isomorphic to products of the groups 

GL(1) and GL(2). In our case, 

ATE(h, ¢, )Odh = I(B, ¢, ,~) + I(Q, ¢, A) + I(Q', ¢, ~), 

where Q and Q~ are the standard parabolic subgroups of type (2, 1) and (1, 2) 

respectively, while B is, as before, the standard Borel subgroup. The term at- 

tached to B vanishes unless the characters cri are all distinguished. If they are, 

then 

e{S),,T) 
(44) I(B, ¢, ~) = VB ~ J(1, M(s, £)¢, 0) &) 

7 
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where the sum is over all s in the Weyl group and, as before, 

J (1 ,¢ ,0 )  = f ¢(k)dk. 
JK H 

The terms attached to Q and Q~ vanish unless ai(a) = aj(g) -1 for some pair of 

indices i, j and the third character ak is distinguished. Assuming this, the terms 

are as follows: 

e((w'k)Q,T) 
(45) I(Q, ¢, ;~)=~_~vQ~(---w-~:-~--~n\J(~c2,M(w,)~)¢,(w)~)Qo) 

w ~ )Q Q] 

and 

(46) 

Here 

e((WA)Q, ,T) 
I(Q', ¢, )~) = E VQ, ( ~ :  ~QQ,)J(~Q,, M(w, A)¢, (w)~)0 Q ). 

w 

~Q = Wl, ? ]Q .~ I  = ~Q, 

In (45), the sum is over all w such that w - l a l  > 0 and wa is trivial on the torus 

TQ defined by TQ = A(E) N ~QH(F)r~ 1, that  is, the torus of matrices of the 

form 

diag(a, ~,/3), a E E,/3 C F. 

Likewise in (46), the sum is over all w such that  w-la2 > 0 and wa is trivial on 

the torus TQ,. The definition of the intertwining period will be recalled below. 

Let us write J<(f) as a sum 

where 

jx( f )  = j~nin(f) + j~nax(f) 

rain nl (X)  ¢ ~  

( I ) -  n(x) 

and 

j .~mx(f) _ nl(x) ~ [ (I(e,i),(fl)¢,~) --1- i(Q',i),(fl)¢,~)) W;~(/x(f2)¢)d)~. 
n(X) --2 J 
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8.1 THE TERM j~nin(f).  We now compute  I ( B , ¢ , , / ) .  We assume tha t  the 

characters  ai are distinguished for i = 1, 2, 3 since otherwise the t e rm vanishes. 

As before, we assume tha t  f l  and f2 are themselves  convolutions of K-f ini te  

functions.  In par t icular ,  

f l  = f l  1 * f? .  

Then  

I)~(fl)¢ = ~-:~(Y:~(f?)¢, ¢')¢'.  
¢, 

Thus  we get 

hi(X)  ~ e(sX'T) 

,;-'-(s): v. z f E 

where we have set 

B, , , ,  (a) = (5 ( I? )¢ ,  ¢'), 
A¢,¢, (,/) = J(1 ,  M(s ,  , / ) / ~ ( f l ) ¢  ', 0)W~(/~ (f2)¢).  

As before, the function ), ~-~ B¢,¢, (,/) is of rapid decrease as well as all its 

derivatives,  while 

~ A~,,, (;9 

is of slow increase as well as all its derivatives. 

We shall make  use of the theory  of (G, M)  families as developed by Arthur .  

Set 

e8(~) = e (s~'T) and ds(),) = A¢,¢,()0. 

Let P ( A )  be the set of parabol ic  subgroups  defined over F and having A as a 

Levi-factor.  If  P is such a parabolic,  there is s such tha t  sP  = B. We set 

(47) cp()O = c8(~), dp()~) = ds()O. 

We shall need to verify the following lemma.  

LEMMA 11: The families ( cp ) and ( d p ) are ( G , A) families in the sense of Arthur. 

Proof'. This amounts  to saying the following: suppose s is a simple reflection 

and s~, s2 are such tha t  SSl = s2; if A verifies s2A = Sl~ then 
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This is clear for the first family. For the second, the relation to be established 

reads: for s2A = SlA, 

J(1, M(sl, A)I~ (f12)¢ ', O)W~(Ix(f2)¢) = J(1, M(s2, A)Ix ( /~)¢ ' ,  0)}/V~(/x (f2)¢). 

By linearity this reduces to 

J(1, M(81, )~)¢t, 0)]/V~(¢ ) = J(1,  M(s2, A)¢', 0)W~(¢). 

Since M(s2, A) = M(s, slA)M(Sl, A) we see that  the relation we have to establish 

is 

J(1, M(s, A)¢', 0)W~(¢) = J(1, ¢' ,  0)W~(¢) 

if sA = A. Say s = wl. There are two cases to consider. 

Assume first that  al  # ~r2. Since the period is induced from GL(2) it suffices 

to prove this relation in the context of GL(2). That  is, we consider the induced 

representation I~,~1,~ 2 and an Eisenstein series E(g, ¢, A; al, (72). Then 

e(~,T) 
f AT E(h,¢,A;al,a2)dh = vB (~,~ / ¢(k)dk - VB-~e-(;~'T) f J M(a, A)¢(k)dk. 

The holomorphy at A = 0 implies that,  as claimed, 

¢(k)dk = f M(a, O)¢(k)dk. 

Now suppose that  o1 = 0"2. The relation WlA = A is equivalent to A0 Q = 0. 

Then 

M(w~,)~) = M(s, AQo ) = M(w2,0) = -1 

(the last relation from the GL(2) theory). Thus we cannot argue as before. 

However, YV~ vanishes for A Q = 0 which makes the above relation trivially true. 

Indeed, we have 

1 
W~(I~(f)¢) = W~(I~(f)¢) 

1-Ii<j LS( 1 + si - sj,aia~ 1) 

where S is a suitable finite set of places. The linear form W~ is defined locally 

and holomorphic for ~A = 0. Here al = as. The relation A0 Q = 0 gives Sl = se 

so that  the reciprocal of the L-factors vanishes as claimed. Our assertion follows. 

Now, with the notations of Arthur ([A3]), 

j ~ i n ( f )  _ n l (x)  
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where we set b(A) = (I;~(f~)¢, ¢'). Following [A3], Lemma 6.3, we rewrite this as 

QDA 

We recall the definition of CAQ: 

= 

PeP(A),PCQ 

Explicitly, for Q E P(A)  we have Q = sB for some s and then 

= e 

If Q = G then 
e(sX,T) 

8 

Suppose that Q is a maximal proper parabolic subgroup containing A. Then 

Q = sQi with i = 1 or i = 2. Here Q1 (resp. Qe) is the parabolic subgroup of 

type (2, 1) (resp. (1, 2)). Then 

e(S)~,T) e(S~S)~,T) 
- + (sis: , 

We will not need the explicit value of the functions d~(,~) except for d~(A). In 
fact d~()~) is equal to the common value d(0) of all the functions dp(A), P e ~O(A) 

at the point A = 0. We will, however, need the fact that each function d0(A ) 

depends only on the projection )~Q on i91~ in the decomposition 

(48) 91~ = 91Q* @ 91 5. 

Each function d~()~) is a smooth function on i91Q ([A3], Lemma 6.1). Moreover, 

it is of slow increase as well as all its derivatives. Indeed this follows from the 

proof of Lemma 6.1 in [A3] and the following elementary lemma: 

LEMMA 12: Suppose that ¢ is a smooth function, of slow increase as well as all 

its derivatives, on ~n. I r e  vanishes on the hyperplane {xl(x,~ ) = 0}, then 

¢ ( z )  = ( x ,  

where 00 is a smooth function, of slow increase as well as all its derivatives. 

We recall the proof of the lemma. We can introduce a system of coordinates 

( x l , x 2 , . . . ,  Xn) such that the hyperplane is the coordinate hyperplane xl = O. 
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Then we can take 

f0 
1 0¢ 

¢O(Xl,X2,...,Xn) = ~Xl(tXl,X2,...,Xn). 

Thus we can write our integral as 

j ~ n i n ( f ) _  nl(X) VQ E E /CQA("~)dQ ('~)b(~)d/~" 
n(X) , , , ,  QDA 

Recall that the factor cAQ(A) depends in fact on T. 

LEMMA 13: The following limit exists: 

lim / cQA(A)d'Q(A)b(A)dA. 
T--+ oc 

If  Q = G and the ai are distinct, then the limit is d~(0)b(0). Otherwise, that is, 
if Q # G or if  the ai are not all distinct, then the limit is zero. 

Proo~ Let )CT be the characteristic function of the convex hull of the points 

{ s - i T }  where s runs over W. The function cAa(A) is the Fourier transform of :~T 

([A3], p. 36). Therefore 

lira CCA(A)d'a(A)b(A)dA = lim xv(H)dbb(H)dH 
T--4 c~ T--+oo 

= / XY(H)d~TGG b(H)dH 

=d~(0)b(0). 

If the ai are not distinct, then d~(0) = 0 since, as seen above, it involves the 

Whittaker function )/Y~(I~(f2)¢) which vanishes at A = 0. 

Next, suppose that Q = sQi is a maximal parabolic subgroup containing A. 

We may decompose T as T = TQ, + To Q~ according to the direct sum in (48). Set 

TQ = s-ITQi and T Q = s-ITQ, and let a = s - l a i .  Then 

( e  (x,TQ) e-(~,To°)), 

and 

(49) / c Q(A)d~ (A)b(A)dA 

can be written 
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The inner integral can be written in the form 

f XTo Q (H)XToQ ,~Q)dH, b(H, 

where b(., AQ) is the Fourier transform of the function ,~o Q ~-+ b(Ao Q + ,~Q) and 

XToQ is the characteristic function of an interval (depending on ToQ). The inner 

integral represents a Schwartz function of )~Q, depending on the parameter To Q. 

In particular, this Schwartz function remains in a fixed bounded set (independent 

of To Q) of the space of Schwartz functions. Thus (49) is then the Fourier transform 

of this function evaluated at TQ and hence tends to zero as T (and hence also 

TQ) tends to infinity. 

The Riemann-Lebesgue Lemma applies directly in the case Q = sB. 1 

Finally, we see that 

min 721 (~)  
J~ (f) - n(;g) VB E J(1,Io(f~)¢',O)Wo(Io(f2)¢)(Io(f~)¢,¢') 

¢,¢' 

= VB E J(1, Io(f l )¢ ,  0)Wo(Io (f2)¢). 
¢ 

As before this can be written in terms of generalized vectors. Note that nl(X) = 

n(:g) if the ai are distinct. Also, j~ax ( f )  = 0 if the ai are distinguished and 

distinct. 

PROPOSITION 9: Suppose that X is represented by three characters ai, 1 < i < 3. 
jmin The term x (f) vanishes unless the characters are distinct and distinguished. 

If  they are distinguished and distinct, then Jx (f) = j~in (f) and, for any smooth 
function of compact support f ,  

(50) = Jo,o). 

This identity has been established when f is a K-finite function which is itself 

a sum of sufficiently many convolution products of K-finite functions. Since both 

sides are distributions, the equality is in fact true for all f .  

8.2 THE TERM y~a×(f).  This terms vanishes unless the following condition is 

satisfied: 

( ,)  One of the three characters, ai say, is distinguished and the two others aj 

and ak are related by aj (a) = ak(d) -1. 
If either aj or ak is distinguished, then aj = ak. 
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According to Proposition 9, j ~ n i n ( f )  = 0 unless the aj are distinguished and 

distinct. It follows that 

j t ( f )  = j [ ,ax( f )  

when (*) is satisfied. Without loss of generality, we may assume that 

al(a) = a2(~) -1, a3 is distinguished. 

1 i f a l = a 2  a n d m ( x ) = l i f a l  ~ a 2 .  Let re(X) = 

PROPOSITION 10: Suppose X is represented by (al, a2, a3) where al (a) = a2 (~)-1 

and a3 is distinguished. Then Jx ( f )  = j~ax ( f )  and, for ali smooth functions of 
compact support, 

Jx(f) = m(X)VQ /(I~,~(f)W~,~, Jx,~)dA, 

where Wx,o is as before and J~,~ is the generalized vector defined below. 
Moreover, i fB  is a bounded set, there is C > 0 such that for f C B, 

re(X) f I(I~,~(f)W~,~, J~,~)[ dA < C, 

the sum over all X of the above type. 

To begin the proof, we note that 

e<(W)QQ,T) 
(51) I(Q,¢,A) = ZvQ.I(wA)Q,&Q)J([Q,M(w,A)¢,(wA)Qo), 

W 

and 

(52) I(Q', ¢, A) = Z vQ, e((Wx)Q"T) w ((WA)Q"&Q')J(~Q"M(w'A)¢'(wA)Q°)" 

In (51), the sum is over all w such that w-loll > 0 and wa is trivial on the torus 

T~Q, that is, the torus of matrices of the form 

diag(a, ~,/3), a C E, 13 E F. 

Likewise in (52), the sum is over all w such that w-la2 > 0 and wa is trivial on 

the torus TnQ,. 

We shall need to use the following functional equation for the intertwining 

period. 
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. Q .  
LEMMA 14: With the previous notations, if  ~ = AQo is in za o , then 

J(~Q, ¢, A) = J(~Q,, M(WlW2, A)¢, WlW2A). 

Proof: By Proposition 33 of [JLR] 

J(~Q, ¢, A) : J(wl~QWl, M(w2, )~)~, w2A). 

Similarly, if A ~ E ia0 Q'* then 

J(~Q, , ¢, A') = J(Wl ~Q, Wl, M (wl, )~')¢', Wl)~'). 

Now 

Wl~QW, = W2~QW2. 

Moreover, if A' = WlW2A and ¢' = M(WlW2, A)¢ then 

w2A = wlA' and M(w2,A)¢ = M(wl,A')¢'. 

The lemma follows. | 

Isr. J. Math. 

Remark: If al and a2 are not distinguished, then we can derive the functional 
equation from the formula 

e()~Q ,T) 
(53) / ATE(h, ¢, A)dh =vQ <AQ, ~Q> J(~Q' ¢' A°Q) 

e--<Aq ,T> 
- VQ <AQ, (~Q> J(~Q" M(wlw2, A0 Q + AQ)¢, WlW2(AoQ)). 

Using the fact that the singularities on the line AQ = 0 cancel, we find 

(54) J(~Q, ¢, Ao Q) = J(~Q,, M(wlw2, AoQ)¢, w,w2AQo ). 

We also note that J(~q, ¢, A0 Q) is induced from GL(2) in the following sense: 

J(~Q' ¢' AQo ) : /KH /TQ(F~ )\MH(FL) e<~Q +po'H('lQm)) ¢(~Qmk )dmdk 

where MH is the Levi subgroup of type (2, 1) in H. Now MH is isomorphic 
to GL(2, F) times GL(1,F). Thus the integral over MH is really an integral 
defining the intertwining period for the representation I(al,a2) of GL(2), or 
more precisely, its analytic continuation (section 5.3). It inherits the analytic 
properties of the intertwining period for GL(2). In particular, the following 
result follows directly from the integral representation (31). 
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LEMMA 15: If  hi(a)= (r2(-5) -1 but al is not distinguished, then 

J(~Q, ¢, AQo ) 

has no singularity on the set ~AQo = O. Ira1 (a) = a2 (-5)-1 and al is distinguished, 
then J((Q, ¢, A Q) has a simple pole at A Q = O. 

More precisely, we can use the GL(2) theory to define, for S large enough, a 
normalized intertwining period j1 such that 

(55) J(~Q,I~(fll)¢,A Q) = JI(~Q,h(fl)¢,AQO ) L 
2S, WE/FalIF) " 

The normalized period j1 is defined locally and has no singularity on the line 

~RA = O. 

The corresponding relation for 14; is 

1 
(56) Wx(Ix(f)¢) = W~(Ix(f)¢) x 

LSo(1 + 2S, allF)LSo(1 + 2S, WE/FallF) 
1 

x 
l-IiKd,(ij)~(1,2) Ls( 1 + si - Sj,O'ihr;1) " 

Suppose first that al -- a2 -- o'3. Then the condition that wa be trivial on 

ToQ or TOQ, is VACUOUS. Thus in (51) the sum is over w C {e, w2,w2wl} and, in 

(52), the sum is over w • {e, wl,WlW2}. In this case nl(x)/n(x) = 1/6. It will 

be convenient to introduce the following expressions: 

e(AQ,T) 

A1 (A, ¢) =VQ (AQ, &Q) J(¢Q' ¢' AQo ) 

e((WlW2MQ,,T) 
+ VQ, ((wlw2A)Q,, &Q,> J(¢Q" M(wtw2, A)¢, (WlW2~)0Q), 

e()~Q, ,T> Q' 
A2(A, ¢) =vQ, (AQ,, 6Q,) J(~Q" ¢' A° ) 

e((W2W~)~)Q,T> 
+ vQ ((w2wlA)Q, &Q} J(¢Q' M(w2wl, A)¢, (w2wl A)0Q), 

ew2 ()~Q ,T) 
A3(A, 4) =VQ ((w2A)Q, 6Q> J(~Q' M(w2, ~)4, (w~)o ¢) 

e(twlA)Q, ,T) 
+ VQ, <(w~A)Q,, 6Q,> J(~Q" M(w~, X)¢, (w~ A)oQ). 

The following relations are easily checked: 

A1 (W2Wl)% M(W2Wl, A)¢) ---- A2(A, ¢), A1 (w2A, M(w2, A)¢) = A3(A, ¢). 
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The functional equation of the Eisenstein series implies that 

W ~ ( M ( w ,  ~)¢) = W~(¢). 

Thus altogether j~nax(f) is 1/6 times the integral of the sum of the following 

terms: 

A(A) = E AI(A, ¢)W~(Ix/2)¢),  
¢ 

B(~) = ~ A1 (W2Wl~, M(w2wl, ~)¢)W~:wl~(Z~wl~(I2)M(w2wl, ~)¢), 

C()O = E dl (w2)~, A, ¢)Ww2),(I~2:~(f2)(M(w2, ~)¢). 
¢ 

Since the sums over the orthonormal basis are independent of the choice of the 

basis, we get in fact 

B()O = d(w2wl)O, C()O = A(w2)O. 

We note the simplifying relations 

VQ, = VQ, 

((w~)Q,,T)=-(~Q,T), ((w,~)Q,,&Q,)=-(,~Q,&Q), 
q' = 

We will show in a moment that A()~) is a smooth integrable function of £. 
After a change of variables, it will follow that j~a~( f )  is equal to the integral of 

½A(A). 
If al ~ a3, then also a2 ~ a3 and the sum in (51) reduces to a single term, 

w = e. The sum in (52) reduces to a single term, w = wiw2. Again we will show 
that A(A) is a smooth integrable function of A. Furthermore, n~ (x)/n(x) = 1/2. 
Defining A(A) as before, we will show that A(A) is a smooth integrable function 
of )~. It will follow that j~a~( f )  is also equal to the integral of ½A(A) in this 

case. 

Set 

(57) 

(5s) 

d+,¢,¢, (A) =J(~Q, I~(f : )¢ ' ,  AoQ)Wx(Ix (f2)¢), 

d_,¢,¢, ()~) =J(~Q,, M(w, A)Ix (11i)¢ ', WAQo)14;x(Ix(f2)¢). 

Then, in all cases where (*) is satisfied, A(A) is equal to 

[ e()~Q, T) e--(AQ,T> 1 

Z 
¢,¢' 
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LEMMA 16: The functions 

d+,¢,¢,, d_,¢,¢, 

have no singularities on NA = O. On NA = 0 they are of slow increase as well as 

a11 their derivatives. Furthermore, the relation 

¢o ) = d_  ) 

holds. In particular, A()Q is a smooth integrable function of )~. 

Proof: Lemma (14) implies the relation of the lemma. Then the assertion on 

A(~) follows from the first part of the Lemma. 

We check the assertions relative to d+,¢,¢,. Indeed, 

_ j 1  d+,¢,¢, (~) - (~Q,I),(f])¢',AQo)W~,(IA(f2)O) 
1 

X 

Izso (1 + 2s, WE/Fa, I F)  12 
1 

X 
Yli<j,(i,j)¢(1,2) LS( 1 + sj - si,aja~-l)" 

This expression has no singularity on R$ = 0 and is of slow increase as well as 

its derivatives. 

For d_ ¢,~, the proof is similar, but there is an extra step because of the 

presence of the intertwining operator. We have to assume that f~ is itself a 

convolution product f~ = f l  3 * f4 and then write 

J(4Q' , . . . )  = E "](¢Q"/wx(f~)¢", w.~Qo ) (M(w,  A)Ix (f4)¢,, ¢ , ) .  
CH 

The factor (M(w,  .~)Ix (f4)0,, 0,,) has derivatives of slow increase so we can finish 

the proof as before. 

It now follows that j ~ax ( f )  is equal to 

[ e(XQ,T} C- ( )~Q ,T) 
, (A)] (Ix (f~)¢, ¢')d1 m( )vQ f 

(note that vQ = vQ,). We shall compute the limit as T --+ cc by the method of 

the (G, M) families, which amounts here to writing the integrand as the sum of 

the following three terms: 

e(XQ ,T) d+,o,O' (~) - d+,o,*' (A0 Q) (Ix (f~)¢, 0'), 
( )~Q , (}~Q ) 
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_e-<;~Q,T) d_,¢,¢, ($) - d+,¢,¢, (Xo Q) (Ix (f?)¢, ¢'), 
( aQ ) 

e-- (XQ,T}  ,, 
~ ) d+'¢'¢'(A~°){Ix (I12)¢, ¢'>. 

e(XQ,T) 

From the relation 

d+,¢,¢, (A0 Q) = d_,¢,¢, (Ao Q) 

we see that in the two first terms the fractions represent smooth functions of A 

which are of slow increase. Since (Ix(f2)¢, ¢') is of rapid decrease, the product 

is integrable and the integrals of the first two terms tend to 0 as --+ oo by the 
Riemann-Lebesgue Lemma. In the third term, the expression in parentheses is 

the Fourier transform of the convex hull of -To, TO. where TQ is the projection 

of T on aQ. Hence its integral tends to 

Thus we finally find 

f/%e d+,¢,¢, (A0O) (Ixo Q (f?)¢, ¢')dAo Q. 

= m(X)VQ Z f~ga J(~Q' IxQ° (f~)¢' A°Q)W~(Ix°Q (f2)¢, AoQ)dAo Q. J ax(s) 
¢ o Q* 

This formula has been established for a K-finite function f = f l  * f~ where fl  and 
f2 are K-finite and themselves convolution of K-finite functions. We will write A 
for Ao Q and set s = (A, &l >. We will also indicate the dependence on ~r. We have 
seen that Wx,~ and J(~Q,¢,.X,a) (which may not be defined at A = 0) define 

continuous linear forms on the space of smooth vectors of the representation Ix,o. 

Denoting by Wx,¢ and Jx,¢ the corresponding generalized vectors, we can write 

the result in the form 

jmax / x (f)=m(X)VQ (Ix,~(/)W)~,~,A,~)dA. 

The integrand is defined even at A = O. In fact, we can write the integrand in 

the form 

(Ix,~(f)W~,~,J~,~> 
1 

x 
IZSo(1 + 2s,  IlF  /F)I 

1 
)< 

~i<j,(i,j)¢(1,2) Ls(  1 + sj - si, aja[l) " 
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For our next step we let So be a finite set of places of F and S the corresponding 

set of places of E.  As usual we assume that  So contains all places at infinity. 

For v finite we fix a smooth function of compact support  fv. We assume it is 

the characteristic function of Kv for almost all v. For v infinite we let 13v be a 

bounded set of the space of smooth functions of compact support.  Finally we let 

13 be the set of functions f = [ I  fv with f~ E B~ for v infinite. 

LEMMA 17: Let 13 be the above set. Then there is a constant C > 0 such that, 

for f C13, 

/ I ( I x , ~ ( f ) W x , ~ ,  Jx,~)l d£ < C, 
O" 

the sum over all triples of the above type. 

To prove the lemma, we may as well assume that  f = f l  * f2 * f3 where the 

functions fi, i = 1, 2, 3 remain in a set 13. Using local majorizations, we see that  

there is a polynomial P(A, a) such that  for ¢ of norm one and f E 13, 

Otherwise, 

IP(s, )l. 

II 5,~(f)J~,,~ I1~ IP(s,~)l. 

There is a similar estimate for W~,~. We can write 

( /x,a(f)W~,a,  d;~,~) = (l~,~(f2)I;~,c~(f3)W~,c~,lx,a(f~)S),,a) 

and this is thus majorized by 

II/~,~(f~) II IpX(s,a)l, 

where p1 is a polynomial. Using estimates for the L-factors, we are reduced to 

estimate an expression of the form 

~ f ll l~,~(f) ll lP(s,a)ldA, 

for f E 13. Now I;~,~(f) is the operator defined by the kernel 

L(kl, kz) = f f ( k l l  ank2)dne(X+P,H('~)> dnda. 
J 

Thus 

II 5,~(I2)I1~ sup IL(kl, k2)l. 
kl ,k2 
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For k/ E K,  f C B the functions 

a ~ f 
f(k~l ank2)dne (p,H(a)) 

remain in a bounded set BA of the space of smooth functions of compact support 

on A(A). In particular, they are invariant under A(EA) n K s. We have then 

I~,~(f2) N_ ~ sup f¢(a)a(a)e(~'u(a))da . II 
(~CBA . ]  

Finally, given P(A,a)  and a bounded set BA, we need to show that  there is a 

constant C such that 

E f f <_ c, 
(7 

for ¢ E BA. Our assertion follows. 

Now we finish the proof of Proposition I0. By the previous lemma, 

is a distribution. It is equal to Jx(f) when f is K-finite and a convolution of 

sufficiently many K-finite functions. Thus it is in fact equal to Jx (f)  for all f .  

9. T h e  d i s c r e t e  p a r t  o f  t h e  t r a c e  f o r m u l a  

Now we claim that,  for any smooth function of compact support, 

(59) J(f) = ~_, Jx(f) + ~ 4 ,  (f)" 
discrete #1 

In the first sum, X appears if it is represented by a pair (M, ~r) where u is a dis- 

tinguished representation of M and, furthermore, n(x  ) = nl (X). The restriction 

of the central character of u to center of G must be equal to w. Then 

Jx(f) = (I~(f)W=, J=}, 

where W,  is the generalized vector corresponding to a Whittaker linear form and 

J .  the generalized vector corresponding to the period integral 

J~(¢) = /K. fM ¢(hk)dhdk. 
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Explicitly, the possibilities are M = G, M is of type (2, 1) and M = A, with 

7r = (al,a2,a3), the three characters being distinct and distinguished. The 

second sum is over all idele class characters #1 of E. Then 

1/ 
where 7~ is the representation induced by (#1,~11,#2), #2 is the distinguished 

idele class character of E such that ~-1#2 = w, and A is integrated over the dual 

of iaQo . Furthermore, the expression is absolutely convergent. More precisely, if B 

is a bounded set in the space of smooth functions of compact support on G(EA) 
then there is C > 0 such that,  for f E B, 

E IJ~( f )]+E~VQ I(Ix,~(f)W:',"J~',')ld)~<C" 
discrete 

To prove the equality (59), we remark that we have established it when f 

is the convolution of sufficiently many K-finite functions. Since both sides are 

distributions, they must be equal for all functions f .  

10. Convergence for the unitary group 

We go back to the notations of the introduction. Thus U is the unitary group for 

the matrix w. If # is an idele class character of E,  we consider the space I(p,  ~) 

of smooth functions ¢: U(FA) --+ C such that 

We set 

¢(udang) = ¢(g)#(a)~(u). 

e(X+P'H(~)) =1 a 1 l+s 

if g = n~dauk, with k in the standard maximal compact subgroup K ~. For ¢ a 

K~-finite function in I(#,  a), we define the corresponding Eisenstein series 

E ( g ,  ¢; = 

We define a linear form W:~,,,¢ on the space of K-finite vectors of I(#,  ~) by 

= f E(n, ¢; 

This is the analytic continuation of the integral 

/ ¢(wn)e (x+p'H('vn)) ~(n)dn. 
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Again, the linear form extends to the space of smooth vectors. In fact, if So and 

S are as before, then the restriction of the linear form to the space of vectors 

invariant under K s° is given by 

1 ~,~2~,/~,~ (¢) 1 = W ~ , , . , ¢ ( ¢ )  x LS(s + 1,#)LSo(s + 1,WE/F#IF)' 

where W~,~,¢ is defined locally and holomorphic in A. Let us now consider a 

datum X- Then the kernel associated to a K-finite function is given by 

Kx(x, + . . . ,  
¢ 

where the terms .-.  correspond to residues of the Eisenstein series. For the pur- 

pose of showing that the trace formula gives an absolutely convergent expression, 

it is more convenient to define 

Jx(f) = f Kx(n', n2 )O(n l )O(n2 )dnl dn2. 

Because the linear form Wx,,,; is holomorphic for ~s  _> 0 and the residual 

spectrum is obtained by taking the residue at appropriate points for ~s  > 0, 

we get 

J~(y) = / ~ w~,.,¢(&,.,¢ (/)¢)w~,.,¢ (¢)dA. 
J ¢ 

We can introduce a generalized vector Wx,,,¢ and write the above expression as 

"Ix (f) = f (Ix,,,¢ (f)Wx,,,¢,  Wx,~,; )d)~. 

We want to prove the following: if f is a smooth function of compact support, 

then 

It 

We may assume that f is a convolution product and even that 

Y = Y; * A, 

where f l  is a smooth function of compact support. Then the expression reads 

f It/x,",~ (fllWx,",¢ 112dA" 
/~,~ 

If f l  is K-finite, this is indeed finite. In fact, there is a continuous semi-norm 

m on the space of smooth functions of compact support such that  the above 
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expression is bounded by re(f{ * f l )  for f l  K-finite. The general case can be 

obtained in the following way: given f l  we may write f l  = lim fa  where (]a) 

is a sequence of smooth K-finite functions of compact support. The functions 

f l  and (fa) have support in a fixed compact set and fa  converges uniformly to 

] and any invariant derivative of ]~ converges uniformly to the corresponding 

derivative of f l .  We have 

[ III~,.,¢(f~ - f~)Wx,.,¢ll2dA < m((f,~ - f~)(fn - f~)*). E 
d # 

As a and/~ tend to infinity the right hand side tends to 0. We may regard all the 

Hilbert spaces I .  as dosed subspaces of the same Hilbert space 7 / : =  L 2 (K, dk). 
A 

We may also regard X = i ~  x E:~ \ E  × as a measure space (X, dx). The functions 

are then measurable functions on X with values in 7-/. Then the sequence of 

functions 

An: (A,p) ~-~ Ix,,,¢(fa)Wx,,,¢ 

is a Cauchy sequence in the Hilbert space L2(X, dx,7-l). It converges pointwise 

to the function 

AI: (A,p) ~-~ I~,,,¢(fl)Wx,,,¢. 

Thus a subsequence of An converges pointwise and in the Hilbert space to 

the function A1. It follows that the function A1 is in the same Hilbert space. 

Moreover, 

E /l[h,~,¢(fl)W;~,~,(H2dA < m( f ;  * f l ) .  
, I  

P 

11. Conclus ion  

We are now ready to prove the main result of this paper. 

THEOREM 2: Any stable tempered packet of cuspidal representations of U con- 
tains a globally generic representation. 

Proof: Indeed the packet has for base change a single irreducible cuspidal rep- 

resentation II of GL(3, EA). By the results discussed in the second section the 

representation II is distinguished. We go back to the discussion of the introduc- 

tion section. If f and f l  are as in the introduction, the absolute convergence of 
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the relative trace formula allows us to write 

J.(s) = Z J'(s') 
l r  

where the sum is over all the members of the packet. Since the distribution 

Jn ( f )  is a product of local relative Bessel distributions, we can choose a function 

f satisfying our simplifying assumption such that the left hand side is non-zero. 

It follows that the right hand side is non-zero and there is at least one 7r such 

that J~(f ')  ~ O. Such a Ir is generic. | 

The same proof applies to the case of an endoscopic packet, by considering 

the discrete, non-cuspidal, part of the trace formula. At any rate, the result is 

already known as a consequence of the theory of the Weil representation ([GRS]). 

It is also a consequence of another trace formula (cf. [F4], and also [Mao2]). 

We can also prove a local result. 

THEOREM 3: Let E / F  be a local quadratic extension. Any tempered L-packet 

of U ( F) contains exactly one generic component. 

Proof: By [GRS2], the only case which is not known is the case of a local 

packet reduced to a single supercuspidal representation ~. Let us write the local 

quadratic extension as Ev/Fvo where E / F  is a quadratic extension of number 

fields. Let us write Try o for ~r. There is an irreducible cuspidal representation 7r 

of U(FA) having the component Try0. By the previous theorem there is a cuspidat 

generic representation 7r' in the same L-packet as yr. In particular 7r~o = ~r~o, and 

the theorem follows. | 

We have also the following corollary. 

THEOREM 4: Suppose that 7~ is a cuspidal automorphic representation of U(FA) 

such that 7rvo is generic for every place vo. Then ~r is globally generic. 

Proo~ Indeed, there is a cuspidal automorphic 7d in the same packet as 7r. By 

the previous result Try0 = 7r~ o for all vo. Thus 7r = 7d. | 

[All 
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